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ABSTRACT
We introduce an individually fitted screened-exchange interaction for the time-dependent Hartree–Fock (TDHF) method and show that it
resolves the missing binding energies in polymethine organic dye molecules compared to time-dependent density functional theory (TDDFT).
The interaction kernel, which can be thought of as a dielectric function, is generated by stochastic fitting to the screened-Coulomb inter-
action of many-body perturbation theory (MBPT), specific to each system. We test our method on the flavylium and indocyanine green
dye families with a modifiable length of the polymethine bridge, leading to excitations ranging from visible to short-wave infrared. Our
approach validates earlier observations on the importance of inclusion of medium range exchange for the exciton binding energy. Our result-
ing method, TDHF@vW , also achieves a mean absolute error on a par with MBPT at a computational cost on a par with local-functional
TDDFT.
Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0223783

In 1948, Kuhn showed that the optical transitions of organic
cyanine dyes could reasonably be described by the “particle in a
box” (PIB) free electron gas model.1 Such a simplistic quantum the-
ory works astoundingly well for these systems. In fact, since then,
it has been widely shown that the commonly used modern quan-
tum chemistry methods for optical spectroscopy, time-dependent
Hartree–Fock (TDHF), and all varieties of time-dependent density
functional theory (TDDFT) have much lower accuracy, often up to
1.0 eV error in transition energy.2 This is known as the “cyanine
problem” of TDDFT. The PIB model succeeds because the PIB
orbitals do resemble the frontier molecular orbitals (MOs) of cya-
nine dyes, with both the highest-occupied π MO (HOMO) and the
lowest-unoccupied π∗ MO (LUMO) fully delocalized over the large
polymethine backbone. With modern quantum chemistry meth-
ods, achieving such full delocalization is challenging without a full
long-range exchange interaction, rendering local density functional
theory (DFT) methods poorly suited. The complete exchange inter-
action of HF may yield accurate-looking molecular orbitals, but
correct excitation energies require a detailed balance of long-range
charge transfer and local valence excitations. Indeed, the amount

of HOMO to LUMO wavefunction overlap and the predicted exci-
tation energy have been shown to be directly proportional to the
medium range component of the exchange in a chosen hybrid den-
sity functional.3 Given such high dependency on functional choice
in these systems, it is common to apply an arbitrary rigid energy shift
when compared to experimental spectra.

To provide an ab initio approach to correct excitation ener-
gies, many-body perturbation theory (MBPT) methods, such as the
GW+Bethe–Salpeter Equation (BSE) approach, have been shown
to achieve much better accuracy (∼0.1 eV). The multideterminan-
tal nature of cyanine dyes is indeed important. Boulanger et al.
highlighted that BSE, despite being built on a monodeterminan-
tal ground state, effectively includes nonlocal correlation effects
through the screened Coulomb potential.4,5 This allows BSE to cap-
ture some of the complex multiconfigurational characteristics of
excitations that are not properly described with TDDFT methods.
The improved accuracy from BSE comes at a high cost, as these
methods scale steeply with system size, so they are very expensive
to be applied for large molecules with hundreds of electrons as used
in biological imaging with very low excitation energies in the near
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and short-wave infrared range (NIR: λ = 700–1000 nm and SWIR:
λ = 1000–2000 nm).

Recently, we have developed stochastic methodologies that
reduce the computational scaling of the BSE, unlocking the study
of systems up to several thousands of electrons.6,7 In these works,
we pair an iterative approach to calculate the full optical spectra of
the molecule, with a stochastic approach to determine the screened-
Coulomb interaction W, the typically expensive part of the BSE.6
In our most recent work, we use stochastic time-dependent Hartree
(TDH) propagation to fit a translationally invariant exchange kernel
vW(r − r′), which is custom for each system and has a nearly equiv-
alent effect acting on a pair density as the full screened-Coulomb
interaction W(r, r′) and similar overall accuracy for the optical gap.7
We term this individually fitted interaction vW , and when replac-
ing the full W in BSE with vW , the resulting equation is a version
of TDHF using vW in the exchange response kernel, henceforth
referred to as TDHF@vW .

Building a modified exchange kernel is the original principle
behind the optimally tuned Fock exchange contribution in range-
separated hybrid functional methods, where the smoothness and the
total amount of long-range exchange are fitted to give accurate ion-
ization potentials by partial charging of the system.8 However, for
many systems, limiting the functional form of the exchange kernel
is too strong of an assumption. In fact, the key to the accuracy of
the BSE approach is the use of the effective interaction W(r, r′, ω)
instead of a prior prescribed exchange interaction. There are mul-
tiple ways this could be achieved, and most generally, use the static
approximation W =W(ω = 0). Sharma et al. attempted to improve
the TDDFT spectra of extended systems by iteratively refining an
approximate static xc (exchange–correlation) kernel.9 Their boot-
strap approach uses the system’s dielectric response within the RPA
(random-phase approximation), showing excellent agreement with
BSE results at a lower computational cost for periodic systems.10 The
present TDHF@vW approach aims to reduce computational cost of
fitting an xc kernel and retain the accuracy of the BSE to address
difficult large molecules, such as conjugated polymethine dyes,
using an efficient stochastic calculation of the effect of W starting
from an accurate hybrid functional. Instead of imposing a specific
functional form on the exchange, we directly access the exchange
kernel, or dielectric function, at all length scales using stochastic
fitting.

While TDHF is less expensive than the full BSE, it can still
be considerably costly for larger systems. To reduce the effective
scaling, we use a split deterministic-sparse stochastic compression
scheme to efficiently calculate and store all the attenuated exchange
integrals. As detailed in our previous work, the vW approach reduces
the formal scaling of the effective interaction W from ∼ O(N4

) to
∼ O(N3

) with respect to the number of electrons by employing
stochastic sampling.17,18 The exchange kernel vW captures the bulk
of the effect of the screened interaction W by evaluating the action of
the effective interaction on stochastic orbital pairs. Generally, ∼500
stochastic orbital pair density samples are sufficient for convergence,
as shown in Fig. S5. This approach is efficient since the num-
ber of stochastic samples required to construct vW does not grow
with system size. We study the flavylium (Flav) and indocyanine
green (ICG) families of dyes due to their tunable and experimen-
tally well-characterized molecular structures, bulkiness in size, and
outstanding impact in the fields of shortwave infrared (SWIR) used

for biological imaging.11,19,20 All the dye geometries are optimized
at the PBE0/def2-TZVPP level of theory using the ORCA 5.0 pro-
gram.21 We show that a modified exchange kernel, which includes
more exchange at “medium-k” than conventional range-separated
hybrid functionals, recovers the missing binding energies found in
these dye molecules.

The primary object of theoretical interest in this Communica-
tion is the translationally invariant screened-Coulomb interaction
in the style of MBPT. The theoretical development of the optimiza-
tion of this interaction is detailed in Ref. 7 and summarized here.
The translationally invariant screened potential is a function of the
form vW(r − r′) that minimizes the difference from the true static
W(r, r′) screened potential over all occupied orbital pair densities
(ϕiϕj). Instead of sampling all occupied densities to construct each
screened exchange kernel, we introduce a set of stochastic pair den-
sity samples β̄(r) = ∑i (±1)ϕi(r), where i ≤ Nocc. Since we choose
vW(r − r′) to be diagonal in momentum space, the optimal form of
vW is extracted as

vW(k) =
{β∗(k)⟨k∣W∣β⟩}
{∣⟨k∣β⟩∣2}

, (1)

where {⋅ ⋅ ⋅} indicates a statistical average and β(r) ≡ β̄(r) ¯̄β(r) is a
pair density of independent stochastic orbitals.

The crucial ingredient in Eq. (1) is the action of the full
many-body W on the random pair density, ⟨k∣W∣β⟩ =Wβ(k).
This is obtained as introduced in Refs. 6, 7, and 22 through a
stochastic TDH propagation with a source potential derived from
β(r) and summarized here. In MBPT, W = v + vχv ≡ v +Wpol is
derived from a static Coulomb interaction and a polarization-
mediated interaction component.23 The action can be written
as Wβ = qβ +Wpol

β with source potential qβ = ∫ dr′β(r′)∣r − r′∣−1.
The polarization component is generated from a TDH propa-
gation comparing unperturbed and perturbed stochastic orbitals,
η′s = e−iαqβ(r)ηs(r), evolved by

iη̇′s(r, t) = (H0 + uβ(r) + X̂0(t))η′s(r, t), (2)

where uβ(r, t) = ∫ dr′∣r − r′∣−1
(nα
(r′, t) − nα=0

(r′, t)), made from a
stochastic density nα

(r, t) = 2{∣ηs(r, t)∣2}s. Next, the exchange term
is completed with stochastic orbitals, as recently developed for GW
theory in Ref. 24. Using a hybrid-orbital starting point for this step
in MBPT has been shown to improve results substantially.25

Another crucial aspect of achieving good results in stochas-
tic propagation for the action is the orthogonality routine, which
removes the occupied–occupied contamination in the propagated
perturbed molecular orbitals.7 In particular, approximately every
dozen time steps, a projection of the stochastic orbitals is performed
to remove this contamination, i.e.,

ηα
s (t)→ ηα=0

s (t) + (I − P)(ηα
(t) − ηα=0

(t)), (3)

with P being a projection onto all occupied orbitals, followed by a
renormalization of ηs.
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Finally, the action of W on β is obtained by

Wpol
β (r) = α−1

∫ dtuβ(r, t)e−γ2t2

, (4)

where γ = 0.1 a.u. serves as a numerical damping parameter for effi-
cient convergence and the statistical error is sufficiently controlled
even when only ten stochastic η orbitals are used.

One can consider that vpol
W = vW − v contains information from

the dielectric function of the molecule, following the expression
1 + ϵ−1

(k) = vpol
W (k)/v(k), with v the bare non-periodic Coulomb

interaction.
Optical electronic absorption spectra for these chosen dyes are

then extracted using a TDHF simulation with the fitted vW made
uniquely for each dye molecule. The full technique for this calcu-
lation is detailed in Ref. 18, where it is benchmarked to other elec-
tronic structure software. For each dye molecule, we use a near-gap
hybrid DFT (ngH-DFT) approach at content-addressable memory
(CAM)-LDA0 level as a starting point. Therefore, we use hybrid
DFT eigenvalues in place of GW-corrected eigenvalues as in a stan-
dard GW+BSE calculation.17 Using a frequency-domain Chebyshev
approach, we obtain the TDHF@vW spectra by propagating all occu-
pied and 400 unoccupied orbitals. We use the previously developed
sparse-stochastic compression technique to evaluate the vW matrix
elements with a total of 1000 short stochastic fragments.7,18 A full
analysis of the computational cost of BSE, TDHF@vW , and TDDFT

is included in Ref. 7. TDHF@vW here requires about 1000 core hours
per dye, with a similar run time for the TD-CAM-LDA0. Stochas-
tic BSE requires a factor of 3–5 more time than the TDHF@vW
approach. Deterministic BSE was not performed here due to its high
computational cost for systems with ∼150 occupied orbitals, but
we have earlier verified7 that stochastic BSE matches deterministic
BSE. As shown in our previous work, BSE peaks generally matches
TDHF@vW to within 0.1 eV and has a similar mean absolute error
(MAE). For comparison, we include optical gaps for the Flav dye
series obtained with the stochastic BSE in Table S1. Further BSE
results and detailed comparison will be supplied in a future paper.

Figure 1 presents the principal results of this work for both Flav
(a) and ICG (b) families of dyes. The fitted-interaction TDHF@vW
method significantly enhances the accuracy of predicting the opti-
cal gap in polymethine dyes, closely aligning with experimental
spectra.11,13–16,26 For the Flav dyes, the consistent relative error
observed between dyes with varying lengths of polymethine bridges
in both TDDFT and TDHF@vW suggests that these errors stem
from the ground-state computations and the challenges in optimiz-
ing large planar molecules, rather than from inconsistency in the
binding energy calculations from TDHF@vW .

Figure 1(b-ii) shows the lowest-energy exciton density of ICG-7
extracted directly from iterative studies,6,7,27 in which the electron is
polarized along heterocycle of the dye, giving the expectant strong
transition dipole moment of these molecules. Meanwhile, the hole
density is concentrated in the π-bonding orbital of the cyanine
backbone and is mostly derived from the HOMO.

FIG. 1. (a) Lewis structures (i) and (ii) and linear response absorption cross section (iii) for the Flav dye family for TDDFT@CAM-LDA0 and TDHF@vW . Experimental λmax

in water solution (dashed vertical lines) for the Flav dyes are extracted from Ref. 11. LFlav-7 stands for “linear Flav-7,” and it does not have a ring structure in the middle
of the polymethine bridge (unlike the typical Flav-7). (b) Lewis structure (i), ICG-7 exciton density showing the electron (purple) and hole (orange) (ii), and linear response
absorption cross section (iii) for the ICG dye family using both TDDFT@CAM-LDA012 and TDHF@vW . Experimental λmax in water solution values for the ICG dyes are
extracted from Refs. 13–16.
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Figures 2(a) and 2(b) show the fitted polarization potential,
v

pol
W , for both dye families, noting their striking similarity. In (c), the

ratio between v
pol
W and the bare non-periodic Coulomb interaction

v(k) can be thought of as the fraction of exact exchange removed
due to screening in k-space, recalling that the bare Coulomb interac-
tion is 4π/k2. To facilitate comparison, we also show the amount of
exchange removed by screening with the originally optimized para-
meters of the CAM-LDA0 functional (α = 0.19, β = 0.46, μ = 0.33),
and BNL functional with γ = 0.15.8,12,28,29 It is shown in Fig. 2(c) that
the CAM-LDA0 functional leads to over-screening at medium range
with ϵ−1

(k) showing a leveling off to α at medium- and high-k. The
ϵ−1
(k) derived from v

pol
W (k) is able to capture the unique behavior

of the exchange kernel at medium-range.
The fact that the vW functions for all dyes largely overlap each

other shows that the amount of screening (and thereby polarizabil-
ity) is similar between dyes of varying polymethine bridge length
and family (choice of heterocycle). This notably brings hope for
a universal screened exchange kernel for use in highly delocalized
organic systems that can accurately describe medium-range behav-
ior. Future studies will determine whether such a universal potential
exists.

In (d) and (e), we show the fitted vW(k) along the cardinal
k-paths in k-space and the corresponding rvW(r) values in real
space, once again showing the fraction of removed exchange due to
screening. One observes the nearly isotropic behavior of vW at high-
k (short range) but notable deviations at low-k (long-range). This

makes sense as polymethine dye molecules are mostly planar with a
carbon bridge extended along one direction (x), with a π electron
density. However, along the y and z directions at long range, there
is no electron density and thus reduced screening in vW . We note
that in real space, it is clear that the CAM-LDA0 and BNL (an opti-
mally tuned long-range exchange functional) are not able to achieve
the correct shape nor absolute magnitude of exchange at most length
scales, noting especially bad convergence at the short/medium dis-
tances. The inadequacy of traditional range-separated hybrids was
noted in Ref. 2, which states that “LC-DFT (long-range corrected
DFT) is most efficient when discrepancies given by HF and GGA
(generalized gradient approximation) evolve with opposite trends.
For cyanines, both HF and GGA predict excitation energies that are
decreasing much too slowly with chain length.”

Figure 3(a) presents results for the Flav-7 dye derivatives, IR-27
and IR-26. We include these dyes as an example where the difference
in redshifts is not due to increased binding energy in IR-27, as shown
in (b) but is due to a ground-state effect of the LUMO and HOMO
energies. This ground-state energy difference is manifested in the
difference in HOMO densities near the polymethine bridge due to
the electron-withdrawing effect of oxygen (IR-27) vs sulfur (IR-26)
(c). Due to how redshifted in energy these dyes are, they serve as
another proof that the accuracy of this method does not deteriorate
for infrared excitations.

Figure 4 compares the optical gaps for all 13 dyes pre-
dicted by various methods with the experimental references

FIG. 2. Plot of individually fitted vW(k) along the x-axis of the polymethine bridge for the (a) Flav and (b) ICG dye families. All vW shown are generated by fitting with 2000
stochastic orbitals. (c) Shifted ratio between the fitted vW(k) and the bare Coulomb potential v(k) = 4π/k2, i.e., ϵ−1

(k) ≡ 1 + k2vW(k)/(4π). (d) Spatial components
of the fitted vpol

W along the cardinal k-paths (kx , 0, 0), (0, ky , 0), and (kz , 0, 0), and the complement in real space (e) showing rvW(r), an alternative representation of the
dielectric screening at varying inter-atomic distances. All variables are in atomic units unless otherwise stated.
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FIG. 3. Spectral results (a) and stochastically fitted vW interaction (b) for the
cyanine dyes IR-27 and IR-26 (c).

(Refs. 11, 13–16, and 26). TDHF@vW achieves a significantly
improved mean absolute error (MAE) of 0.09 eV. In contrast,
among all TDDFT functionals, TD-CAM-B3LYP produces an MAE
of 0.63 eV; TD-CAM-LDA0 yields 0.66 eV; TD-PBE0 results
in 0.79 eV; and TD-local-density approximation (LDA) shows
0.55 eV. The substantial improvement of TDHF@vW aligns with the
enhancements observed with the full deterministic BSE in model dye
systems at a significantly reduced computational cost.2

Our study has shown the power of a new approach, TDHF@vW ,
which fits the full many-body screened-exchange interaction based

FIG. 4. Optical gaps from various TDDFT functionals and TDHF@vW against the
water solution experimental absorption peaks.

on the BSE within the TDHF framework.6,7 This method success-
fully addresses the longstanding challenge of accurately predicting
the optical properties of polymethine dye molecules, surpassing the
limitations of traditional TDDFT calculations. Analyzing the fit-
ted polarization potential (vpol

W ) and the fraction of exact exchange
removed due to screening, we identify similarities across differ-
ent dye families, suggesting the potential for a universal screened
exchange kernel applicable to highly delocalized organic systems.
Moreover, our findings highlight the consistency of results obtained
with TDHF@vW across various polymethine bridge lengths and het-
erocycles, offering insights into the fundamental properties of these
molecules. Our study also elucidates ground-state effects on the
optical properties of dye molecules, as evidenced by differences in
redshifts between certain derivatives, which are what most previous
TDDFT studies of cyanine dyes detect. This observation reinforces
the robustness of TDHF@vW in capturing complex electronic inter-
actions and ground-state phenomena, particularly for excitations
extending into the SWIR region.

Quantitatively, TDHF@vW exhibits a substantially reduced
MAE compared to traditional TDDFT functionals, indicating its
superior accuracy in predicting excitation energies. This improve-
ment, achieved at a manageable computational cost, positions
TDHF@vW as a promising tool for researchers in fields such as bio-
logical imaging and materials science, where accurate modeling of
optical properties is crucial. In addition, this method realistically
scales to bigger sizes, as it is applicable to studying organic chro-
mophores in larger-scale systems, such as biological light-harvesting
complexes.

See the supplementary material for geometry optimization
procedures, software validation, and stochastic convergence of the
methodology.
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