2506.17477v1 [physics.chem-ph] 20 Jun 2025

arxXiv
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We present a mixed basis-set approach to obtain optical absorption spectra within a generalized
Kohn-Sham time-dependent density functional theory framework. All occupied valence molecular
orbitals (MOs) are expanded in a plane-wave (PW) basis, while unoccupied MOs are derived pri-
marily from localized atomic basis functions. The method accelerates spectral convergence when
compared to fully PW-based simulations, with a 2 — 3 fold reduction in the number of unoccupied
MOs entering the Casida equation. The mixed-basis is placed on a common real-space grid, enabling
our previously developed deterministic/sparse-stochastic evaluation of the exact exchange operator
(DOLI: 10.1021/acs.jctc.3¢00987). This chemically intuitive and computationally efficient approach
is validated across various molecular systems, including mw-conjugated polymethine dyes, aromatic

hydrocarbons, and a chlorophyll monomer.

I. INTRODUCTION

Time-dependent density functional theory (TDDFT)
is a widely used method for the excited-state properties
of molecules, known for possessing a remarkable balance
between accuracy and computational efficiency. An ex-
tension of ground-state DFT, TDDFT is built upon the
Runge-Gross theorem which reduces the time evolution
of the many-body electronic wavefunction to the inde-
pendent propagation of single-particle molecular orbitals
(MOs). [1] Since its inception, TDDFT has been used
in predicting both linear and nonlinear optical response,
photoelectron spectra, and optoelectronic properties in
general.[2-13] Modern implementations of TDDFT em-
ploy hybrid functionals that incorporate a fraction of
Fock exchange to the exchange-correlation (XC) poten-
tial. Inclusion of exact exchange provides a better de-
scription of delocalized excited states, such as 7 — n*
transitions, charge-transfer excitations, and excitations
in systems with pronounced excitonic effects.[14-20]

Going beyond the local density and generalized gra-
dient approximations (LDA/GGA) [21, 22] offers im-
proved accuracy but adds to the computational cost with
the need to evaluate the exchange integrals. In previ-
ous work, we introduced a mixed deterministic/sparse-
stochastic exchange approach that reduces the scaling
of both hybrid DFT and linear-response TDDFT within
a plane-wave (PW) representation.[23, 24] This method
splits the exchange interaction kernel, u(k), into low- and
high-k components (where k denotes a reciprocal lattice
vector):

u(k> = Z |k10w>u(klow)<klow|
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The low-k components are treated exactly while the high-

k terms are represented by short (sparse) random vectors
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that uniformly sample the high-k space. The cutoff mo-
mentum, k.us, that separates the low- and high-k spaces
is a convergence parameter. The size of the stochastic
basis sampling the high-k space is system-size indepen-
dent, enabling large-scale hybrid TDDFT of molecular
complexes with thousands of valence electrons.

In previous sparse-stochastic hybrid TDDFT calcula-
tions [24], we found that many unoccupied MOs (roughly
three to four times the number of occupied states) are re-
quired to obtain a converged absorption spectrum. This
issue of convergence is well-known and inherent to the
use of a PW basis-set. [25, 26] In this work, we resolve
this issue by implementing a mixed plane-wave/atomic-
orbital (PW/AO) basis-set representation for the MOs.
The integration of mixed basis sets, combining PWs and
AQs, is very useful in computational chemistry and ma-
terials science.[27-32] For example, Samsonidze et al.
demonstrated that unoccupied orbitals in GW calcula-
tions could be replaced with simple approximate phys-
ical orbitals, where Gaussian orbitals are used for res-
onant and continuum states.[33] Similarly, works con-
ducted by Booth et al. and Sun et al. focus on Gaussian
and PW hybrid representations alongside density fitting
techniques.[25, 26]

We now turn to the primary focus of this article: how
to reduce the number of unoccupied states entering the
Casida equation through a mixed basis-set representa-
tion. Below, we present a PW/AO mixed-basis approach
and its TDDFT applications on m-conjugated flavylium
(Flav-9) and indocyanine green (ICG-7) dyes, curved
aromatic corannulene (CgyoHig), as well as a monomer
chlorophyll a (Chla) complex.

II. METHODOLOGY

Here we are interested in the optical absorption spectra
of molecules using a mixed PW/AQO basis-set represen-
tation for the MOs. In Section A, an iterative Cheby-
shev approach for efficiently calculating spectra is pre-
sented. In Section B, the mixing of PW and AO bases is
outlined, and in Section C we show an orthonormaliza-
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tion procedure for the combined basis-set MOs. Finally,
in Section D we provide metrics for convergence of the
TDDFT spectra.

A. TIterative approach for optical absorption
spectra

Excitation energies are obtained by solving the Casida

equation [2]:
()60

where the Liouvillian is

c= (5 %) 3)

with f* and f~ transition eigenvectors corresponding to
excitations and de-excitations, respectively. For single-
particle spin-singlet excitations, the A and B matrices
read (assuming real-valued MOs throughout):

Aia,jb = (Ea — si)éijdab + 2(1&‘]())

+ (ia| fxc|ib) — (Padp|uldid;), )
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where ¢; ; . denote occupied (valence) generalized Kohn-
Sham (GKS) MOs with associated energies ¢; ; = and

®a,p,... unoccupied (conduction) GKS MOs with energies

€a,b,...-
The Hartree integrals are:
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The matrix elements of the XC kernel, fxc, are evaluated
to first-order within an adiabatic LDA scheme. [34] The
exchange integrals are calculated under a kernel u that is
split to short- and long-range parts in real space [14, 35]:

u(lr —r'|) = 1—(a+ fr-fr§|7|r )

+ B -erf(y|r — 7’
L atBerf(ylr—r'|)
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Rather than direct diagonalization of Eq. (3), we use
an iterative Chebyshev polynomial expansion approach
to access the eigenvalues of £, as in Refs. [24, 36, 37].
The absorption spectrum is calculated as:

Aw) o w{x[6(£ = w)x), (®)

where

is a single exciton vector corresponding to a field polar-
ization in the 7 direction. The Gaussian-broadened delta
function is expanded in terms of Chebyshev polynomials:

NChebyshev

S(L-w)= Y

n=0

Cn(w)Tn(Z)v (10)

where T;, is the n’th-order Chebyshev polynomial and L
is a scaled Liouvillian with eigenvalues between -1 and
1.[37, 38] A(w) is therefore calculated from the Cheby-
shev moments,

Nchebyshev

Aw) = ¥ >

n=0

en (W) (XITu (L)1), (11)

where |x) = %|x) and for the coefficients, ¢, (w), simple
smoothly decaying weights are used [38].

B. Mixed-basis MOs on a real-space grid

First, we perform two separate LDA-DFT calcula-
tions, one using a PW basis and the other with a
localized AO basis. All vacuum molecular geome-
tries are optimized in the ORCA 6.0 program at the
B3LYP/def2-TZVPPD level of theory.[39, 40] The PW
calculations are performed using an in-house DFT code
with norm-conserving pseudopotentials (NCPPs) repre-
senting the core electrons. [41] The all-electron AO-basis
calculations utilize the PySCF package.[42] The choice
of basis is guided by benchmark calculations on the
CooH1g molecule, where we compare the lowest-occupied
MO (LUMO) - highest-occupied MO (HOMO) energy
gaps obtained from LDA-DFT using various basis sets
against a reference grid-based PW-LDA-DFT calcula-
tion. Among the tested basis-sets, aug-cc-pVDZ yields
the smallest deviation from the PW result, as detailed in
Appendix A.[43]

In the PW-LDA-DFT calculations, the molecule is cen-
tered on a uniform real-space grid with a spacing of
dr = dy = dz = 0.4 Bohr and the Martyna-Tuckerman
approach is used to minimize edge effects. [44]. The sim-
ulation grids include at least 6 Bohr of padding beyond
the extent of the molecule in all directions. Both the PW-
and AO-MOs are then evaluated on this same grid. By
replacing all or a subset of the unoccupied PW-MOs with
those obtained from the AO calculation, we construct a
mixed-basis representation of the MOs (Fig. 1).

For static bandgaps we find that all PW-based unoccu-
pied states can be replaced with a lesser number of AO-
derived MOs and still reproduce the gaps of the fully-PW
based calculations. However, a more careful selection of
the virtual-space MOs is required for excited-state sim-
ulations. For sparse-stochastic hybrid TDDFT calcula-
tions, we observe that retaining every fourth unoccupied
MO from the PW basis while replacing the rest with AO-
derived orbitals provides the best agreement with the first



excitation energies, i.e., absorption onset, obtained from
fully PW-TDDFT. Specifically, the AO basis sets tend
to overly localize, particularly in the virtual space, often
resulting in a basis-set-induced blueshift. By retaining
approximately 25% of the PW unoccupied MOs, we mit-
igate this shift and recover excitation energies consistent
with fully PW-based calculations. To ensure a consistent
set of MOs, we apply this same mixing strategy in both
the static DFT and excited-state TDDFT simulations.

Further, the mixing of an all-electron AO basis-set with
an NCPP-PW approach results in lower HOMO ener-
gies in the PW-LDA-DFT calculations. To ensure en-
ergy alignment between the two frameworks, we apply
a scissor-shift correction (Aeg), i.e., eV = 49 4 Ag,
where Aeg is determined from the difference between the
HOMO energies [33].
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FIG. 1. Schematic representation of this work.
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C. Orthonormalization

Subsequently, we perform an overall orthonormaliza-
tion of the mixed-basis MOs using QR decomposition
by Householder transformation.[45, 46] This is done by
decomposing the eigenvector matrix v/dVC, where the
columns of C' are non-orthogonal mixed LDA-DFT MOs
and dV is the volume element, into an orthonormal ma-
trix @ and an upper triangular matrix R. The columns
of @ correspond to the orthonormalized MOs on the
grid. While other orthonormalization techniques, such as

Gram-Schmidt or Lowdin transformation with singular
value decomposition (SVD),[47-51] are also applicable,
we find the QR method via Householder transformation
to be the most efficient. A Frobenius norm error analy-
sis comparing different orthonormalization techniques is
shown in Appendix B.

D. TDDFT Spectra and Spectral Convergence

With orthonormalized mixed-basis LDA MOs, we
proceed with a sparse-stochastic hybrid DFT calcula-
tion using the CAM-LDAO (o = 0.19,5 = 0.46,y =
0.33 Bohr').[17, 23, 24] This calculation updates the
LDA-DFT Hamiltonian to include parametrized exact-
exchange within a GKS-DFT framework. The hybrid
exchange matrix elements are calculated using 1000
short stochastic fragments. For further details, see
Ref. [23]. Subsequently, we perform sparse-stochastic hy-
brid TDDFT calculations with 1000 Chebyshev terms to
compute the optical absorption spectra. All occupied
valence electron MOs are included in the valence space
(N, = Noec), while in the TDDFT calculations the num-
ber of unoccupied MOs (N,) is varied.

To quantify the convergence of optical spectra with
respect to N., we define the deviation matrix D,

Dy = [ 1Aw) - (o) do, (12)

where A(w) is the area-normalized absorption spectrum,
A(w), ie, Aw) = A(w)/[A(w)dw. Consequently,
D;; ranges between 0 (perfectly identical spectra) and
2 (completely different spectra). We further define two
averaged quantities § and 0,

1 N-1
0=w—1 ; Diit1, (13)
fo— 2 > Dy, (14)
N(N -1) &

where N denotes the total number of spectra, each cor-
responding to a different value of N, included in the
TDDFT calculation. The quantity § measures the av-
erage deviation between successive spectra, while § cap-
tures the average deviation over all pairs.

III. RESULTS AND DISCUSSION

Fig. 2 presents an orbital analysis of CooHig to high-
light the key similarities and differences between mixed-
basis and pure PW MOs. Near the Fermi level, MOs such
as the HOMO and LUMO exhibit comparable spatial
density distributions and MO energies across both repre-
sentations. However, for high-energy unoccupied states,
the mixed-basis MOs differ substantially from their PW



counterparts. For example, as illustrated in Fig. 2(a),
the LUMO+490 orbital in CogH1¢ exhibits more spatially
contracted density in the mixed basis due to the AO com-
ponent, leading to a higher orbital energy. In contrast,
the same MO in the pure PW basis is more delocalized
and energetically lower.

The MO energies for unoccupied states derived from
the PW and AO bases (after aligning the HOMO ener-
gies) are shown in Fig. 2(b). As is well known, AO-basis
MOs tend to be more spatially localized at higher ener-
gies compared to their PW counterparts. This increased
localization leads to stronger electron—electron repulsion,
and consequently, higher MO energies. This trend is also
evident from the overlap matrix between the two sets of
orbitals, defined as S;; = <¢;40|¢fw), shown in Fig. 2(c).
At higher energies, the spatial overlap between AO and
PW MOs becomes noticeably smaller, reflecting their in-
creasing dissimilarity.
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FIG. 2. (a) HOMO, LUMO, and LUMO+90 densities and
energies for CyoHip calculated at the LDA level with the
mixed PW/AOQaug-cc-pVDZ basis (left) and pure PW basis
(right). (b) MO energy comparison for CzoHio for unoccu-
pied states between PW and AO@aug-cc-pVDZ basis at LDA
level (HOMO energies have been aligned with a rigid energy-
shift of Ae = —1.24 eV). (c¢) Overlap intensity between unoc-
cupied LDA MOs from PW and AO@aug-cc-pVDZ basis for
CaoHio.

System‘ PW-LDA AO-LDA‘ PW-Hybrid Mixed-Hybrid

Ca20Hio 3.05 3.07 6.71 6.70

Chla 1.42 1.43 3.90 3.89
ICG-7 1.19 1.20 3.89 3.89
Flav-9 0.90 0.90 3.05 3.04

TABLE 1. Static LUMO-HOMO gaps (in eV) for four test
systems from PW-LDA-DFT, AOQaug-cc-pVDZ LDA-DFT,
PW- and mixed PW/AO- sparse-stochastic hybrid-DFT with
CAM-LDAO.

Static LDA-DFT and sparse-stochastic hybrid-DFT
LUMO-HOMO gaps are presented in Table I. Both
the initial PW-LDA-DFT and AO-LDA-DFT calcula-
tions yield nearly identical results, with differences un-
der 0.02 eV across all test systems. This agreement is
maintained at the hybrid-DFT stage. The consistency
of ground-state properties establishes a robust founda-
tion for subsequent excited-state calculations using the
mixed-basis approach.

Fig. 3 shows sparse-stochastic hybrid TDDFTQCAM-
LDAO spectra for CooHyg with N, = Ny = 45 calcu-
lated with N, values ranging from 45 to 160, using the
mixed PW/AO basis (Fig. 3(a)) and the pure PW basis
(Fig. 3(b)). Fig. 3(c) shows the molecular structure,
and Fig. 3(d) displays the spectral deviation matrix D
comparing mixed PW/AO (left) and PW (right) bases.
Fig. 4 presents similar data for Chla, with IV, = 116 and
N, = 174 — 464; Fig. 5 reports the results for ICG-7,
using N, = 115 and N, = 173 —460; finally, Fig. 6 shows
results for Flav-9, using N, = 116 and N, = 174 — 464,
with the same panel arrangements.
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FIG. 3. CaoHio: sparse-stochastic hybrid TDDFTQCAM-
LDAO spectra calculated with different N. values via (a)
mixed PW/AO and (b) PW basis, N, = Nocc = 45 is used for
all calculations. (¢) Molecular structure (d) the spectral de-
viation matrix D from mixed PW/AO (left) and PW (right)
basis.
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FIG. 4. Chla: sparse-stochastic hybrid TDDFTQCAM-
LDAO spectra calculated with different N. values via (a)
mixed PW/AO and (b) PW basis, N, = 116 is used for
all calculations. (c) Molecular structure (d) the spectral de-

viation matrix D from mixed PW/AO (left) and PW (right)
basis.
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FIG. 5. ICG-T: sparse-stochastic hybrid TDDFTQCAM-
LDAO spectra calculated with different N. values via (a)
mixed PW/AO and (b) PW basis, N, = 115 is used for
all calculations. (c¢) Molecular structure (d) the spectral de-
viation matrix D from mixed PW/AO (left) and PW (right)

basis.

Notably, the mixed-basis approach exhibits signifi-
cantly improved convergence across all four test systems,
particularly in the high-energy regions of the spectra.
This improvement arises because the more contracted
AO basis renders the high-energy MOs more localized,
and consequently, the corresponding transitions become
more spatially confined. The spectral deviation matri-
ces, presented in Panel (d) of Figs. 3 through 6, provide
additional insights into spectral behavior during the con-
vergence process. The spectrum index, i, ranges from 1

to 6, where each 7 labels a different value of V,; 1 refers to
the smallest N, used and 6 labels the largest. These ma-
trices consistently show smaller off-diagonal components
for mixed-basis calculations compared to pure PW re-
sults, indicating more stable and systematic convergence
as IV, increases.
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FIG. 6. Flav-9: sparse-stochastic hybrid TDDFTQCAM-
LDAO spectra calculated with different N. values via (a)
mixed PW/AO and (b) PW basis, N, = 116 is used for
all calculations. (c¢) Molecular structure (d) the spectral de-
viation matrix D from mixed PW/AO (left) and PW (right)
basis.
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FIG. 7. Deviation between consecutive pairs of spectra for
(a) C20Hio, (b) Chla, (c) ICG-7, and (d) Flav-9, comparing
the mixed- and PW-basis approaches. Each data point repre-
sents the deviation between spectra at a given N. (shown on
the z-axis) and the preceding N, value. The left-most point
corresponds to the deviation between the smallest N. used
(N™i2 labeled in each plot) and its immediate next value.

To better understand the trend in spectral conver-



gence, we plot the deviation between consecutive spectral
pairs, Di,i-‘rl; in Flg 7. For CgoHlo, NC‘Miﬂad =110 =
2.5N,, achieves equivalent convergence to NFW = 160 =
3.6N, (Fig. 7(a)). For Chla, NMired = 290 = 2.5N,
reproduces N°W = 494 = 4.3N, (Fig. 7(b)). The ICG-7
system follows this trend, where NMired = 288 = 2.5N,,
delivers comparable accuracy to N, CP W =460 = 4N, (Fig.
7(c)). Finally, Flav-9 requires only NMized —= 290 =
2.5N,, to reach the convergence level of NFW = 464 =
4N, (Fig. 7(d)).

The overall convergence metrics § and § are summa-
rized in Table II. The mixed-basis calculations show sig-
nificantly lower 6 and § values compared to their PW
counterparts. Specifically, we observe a 2 — 3 fold reduc-
tion in the values for § and 6 using the mixed-based repre-
sentation of the MOs relative to a purely PW-based rep-
resentation. This enhanced performance originates from
the more compact and chemically intuitive representation
of high-energy conduction states in the AO basis, which
effectively reduces the number of conduction states (N,)
required for achieving spectral convergence.

System| § (Mixed) & (PW)| & (Mixed) 5 (PW)
CooHi1o 0.08 0.23 0.16 0.51
Chla 0.04 0.11 0.08 0.25
ICG-7 0.06 0.13 0.13 0.29
Flav-9 0.07 0.14 0.15 0.32

TABLE II. The average deviation between successive spectra
() and the average deviation over all pairs (J) via PW and
mixed-basis for four test systems with six tested values of N,

ranging from N. = N, to N. = 4N,.

However, our analysis also reveals an important sub-
tlety regarding the first excitation energy, i.e., the opti-
cal gap. While the overall spectral shapes show excellent
agreement between the PW and mixed-basis calculations,
we consistently observe a small (~ 0.08 ¢V) but system-
atic blueshift in the optical gaps.[52, 53] This observation
suggests that, although the mixed basis is highly effec-
tive for describing higher-energy excitations and provides
significantly faster spectral convergence, special care is
required when precise determination of the optical gap is
needed.

IV. CONCLUSION

This study demonstrates the advantages of combining
PW and AO basis sets within the sparse-stochastic hy-
brid TDDFT framework, offering a balanced approach
that maintains accuracy while improving computational
efficiency. The mixed-basis method, leveraging PW-
derived occupied MOs and carefully selected AO-derived
unoccupied MOs, achieves results with superior spectral
convergence with respect to the number of conduction
states. Our analysis confirms excellent agreement for

ground-state properties in sparse-stochastic hybrid DFT
calculations, where the LUMO-HOMO gap deviations
between the PW and mixed-basis calculations are below
0.02 eV. The sparse-stochastic hybrid TDDFT spectral
calculations show that the localized nature of AOs en-
hances convergence for high-energy excitations and offers
an overall 2 — 3 folds faster convergence.

Looking ahead, this work opens several promising av-
enues for development, including optimized mixing ratios
of PW- and AO-derived MOs in the unoccupied space,
extension to periodic boundary conditions, and integra-
tion with fragment-based methods for large-scale simula-
tions.
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APPENDIX A: BASIS-SET BENCHMARKING
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FIG. 8. LUMO-HOMO LDA gap differences (compared to the
PW-LDA result) in eV calculated for CzoHig, using various
AOQ basis sets. The numbers in parentheses indicate the total
number of basis functions used. The minimum deviation AO
set is aug-cc-pVDZ with 550 total basis functions, where the
gap difference between AO and PW is —6.05 x 10™* V.

Localized AO basis sets vary widely in their compo-
sition and completeness, ranging from minimal sets like
STO-3G to highly extensive ones such as aug-cc-pVQZ.
In principle, as an AO basis set becomes more com-
plete, its results should asymptotically approach those



of PW calculations. However, this increased complete-
ness comes at a significantly higher computational cost.
To identify an optimal AO basis set for the mixed-basis
scheme, we benchmark several AO basis sets by perform-
ing LDA-DFT calculations and comparing the resulting
LUMO-HOMO gaps against those from a reference PW
LDA-DFT calculation. The error is defined as the dif-
ference between AO and the reference PW gaps. All
benchmarks are conducted on the CooHig (Fig. 8).
Since our calculations employ real-space grids, we re-
quire basis functions with smooth spatial decay to main-
tain numerical stability in integrations.[54, 55] The aug-
cc-pVDZ basis set satisfies this need by avoiding ex-
cessively sharp Gaussian exponents (¢): carbon’s tight-
est exponent in aug-cc-pVDZ has ¢ ~ 8 x 10°> Bohr—2
is far smoother than in sharper sets like 6-31G* with
¢ ~ 2 x 10* Bohr=2 or STO-3G with ¢ ~ 7 x 10*
Bohr=2.[56, 57] This careful balance prevents the grid
artifacts that would arise from extreme exponents while
maintaining accuracy for both core and valence electrons.

APPENDIX B: COMPARISON OF
ORTHONORMALIZATION TECHNIQUES

The orthonormality condition on the numerical grid is
checked via the Frobenius error

11— Sll2 = /ZI(I— S)i |, (15)

where [ is the identity matrix and S is the overlap matrix
of the orthonormalized MOs (Table III).

‘ Householder Gram-Schmidt Lowdin
CooHio| 1.41x107H 1.63x 10~ ™ 2.05 x 10713
Chla 4.10 x 107 3.96 x 10714 2.06 x 10713
ICG-7 424 x 10~ 4.24 x 107 4.64 x 10713
Flav-9 472 x 107 4.58 x 107 3.64 x 10713

TABLE III. ||[I — S||2 Frobenius error using different or-
thonormalization procedures.

To identify the optimal procedure here, we bench-
mark results from three different approaches: Lowdin
orthonormalization, Gram-Schmidt, and Householder
transformation. Once the cost of making S is included,
all methods scale as O(N,M?), where M = N, + N,
is the total number of MOs and N, is the number of
grid-points. Although Gram-Schmidt offers slightly bet-
ter accuracy for larger molecules, we use the Householder
transformation due to its availability as highly optimized
low-level code in Python packages.

APPENDIX C: COMPUTATIONAL
PARAMETERS

General computational parameters are tabulated in
Table IV.

System‘ N, Ny, N ‘ dx ‘ N, N,
Ca0Hio 70 70 40| 0.4| 45
Chla 106 96 80| 0.4| 116
1CG-7 130 100 80| 0.4| 115
Flav-9 156 100 70| 0.4| 116

‘ Niw
45 — 160 201
174 — 464 867
173 — 460 1127
174 — 464| 1195

TABLE IV. Computational parameters for the four test sys-
tems: grid extents, isotropic grid-spacing of de = dy = dz =
0.4 Bohr is used for all systems, N, values, and N, ranges
used for sparse-stochastic hybrid DFT and TDDFT calcula-
tions. Ny, is the number of deterministically treated long-
wavelength terms in the exchange kernel w(k). The high-k
space is represented with 1000 sparse-stochastic vectors, de-
tails are provided in Refs. [23, 24].
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