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Association of two semiflexible polyelectrolytes by interchain linkers:
Theory and simulations
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The aggregation of two highly charged semiflexible polyelectrolytes in the presence of generalized
linkers is studied theoretically. This model provides insight into biological processes such as DNA
condensation and F-actin self-assembly induced by either multivalent counterions or bundling
proteins. The interplay between the bending rigidity of the chains and their electrostatic interactions
leads to an effective interlinker interaction that is repulsive at large distances and attractive at short
ones. We find a rounded phase transition from a dilute linker gas where the chains form large loops
to a dense disordered linker fluid where the chains are almost parallel. The onset of chain pairing
occurs as soon as the free energy of a pair of chains becomes lower than that of two isolated chains
and is located well within the crossover regime between the two linker phases. Our main findings
are confirmed by molecular dynamics simulations of two semiflexible charged chains in a mixture
of monovalent and polyvalent counterions. This simple model allows us to recover qualitative
features of experimental aggregation diagrams of DNA and F-actin and can also be used to study
DNA denaturation. ©2002 American Institute of Physics.@DOI: 10.1063/1.1481382#
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I. INTRODUCTION

Biomolecules, notably nucleic acids and proteins, are
variably charged because of their need to be soluble ov
broad range of concentrations in aqueous solution. Furt
more, their charge provides a powerful yet subtle basis
control of their aggregation and condensation, both w
themselves and each other. Of particular importance is
condensation of DNA in the presence of multivale
counterions.1–4 In vitro studies of highly dilute DNA solu-
tions have established that DNA can be condensed in
way into hexagonally-packed, circumferentially-wound, to
oids whose interaxial spacings are as small as those in c
talline DNA. In vivo analogies of these structures have be
studied most thoroughly in bacterial viral capsids, where
high density of DNA is necessary for storage purposes.
deed, the genes carried by the condensed viral genome
not accessible for transcription or replication until the DN
is ‘‘freed’’ by injection into the bacterial cell.

Polymerized actin~F-actin!, a ubiquitous and importan
structural protein, is comparably strongly condensed by
addition of either multivalent counterions or ‘‘bundling
~‘‘linker’’ ! proteins.5–9 Because the actin filaments are sti
4620021-9606/2002/117(1)/462/19/$19.00
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i.e., not long compared to their persistence lengths, their c
densates consist in general of straight bundles of clo
packed filaments. Synthetic stiff polyelectrolytes such
poly~p-phenylene benzobisthiazole! ~PBZT! can also be in-
duced to form bundles.10 In all the above cases, when th
concentration of condensing agents is not sufficiently high
is expected that some sort of intermediate structure will ar
involving a network of junctions at which individual or sma
numbers of counterions or linker proteins are shared betw
pairs of polyelectrolyte molecules.11

The effect of multivalent counterions on the interacti
between highly-charged polyelectrolytes has been the fo
of a great deal of attention in the past decade, b
experimentally13 and theoretically.14–23 Of special interest is
the attractive force that can arise between such chains, w
necessarily implies the qualitative breakdown of the me
field ~Poisson–Boltzmann! theory of electrostatic interac
tions. Two main mechanisms have been proposed for
origin of this attraction. In both mechanisms, the conden
counterions in a narrow layer surrounding the chains g
rise to charge distributions that are highly correlated alo
the axes of the chains; the attraction arises from anticorr
tions between these charge distributions. At lo
© 2002 American Institute of Physics
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temperatures/high fixed-charge densities the attraction is
to short-ranged correlations in the charge distributions, re
niscent of a Wigner crystal;18,20–22,24–26at high temperatures
low fixed-charge densities, on the other other hand, the
traction is due to long-wavelength fluctuations in the cha
distributions.14,17,19,26,27An additional contribution to the at
traction arises from the nonisotropic distribution of counte
ons in the plane perpendicular the chain axes.15,23

In this standard view of aggregation of highly-charg
chains, one focuses on how multivalent counterions med
attractive effective interactions between the chains. By c
trast, in this paper we take the opposite view—we consi
how the chains mediate effective interactions between
multivalent ions.28,29 We then consider the consequences
these effective interactions on chain aggregation. Indeed
sidestep the question of the origin of the attraction by tre
ing the multivalent counterionsexplicitly as interchain link-
ers, i.e., particles that hold the two chains together b
short-ranged attraction. By keeping the discrete nature of
multivalent counterions instead of replacing them with
continuous distribution surrounding the chains we manag
keep the most important effect of ion correlations. On
other hand, since the correlations between monovalent
are not expected to play an important role, we treat them
a continuous background, which leads to the standard e
nential screening of electrostatic interactions. It should t
be emphasized that, in our approach, multivalent counter
are treated qualitatively differently from monovalent ones

One advantage of treating the multivalent counterions
linkers is that our approach can be generalized to incl
other forms of linkers, as well. In particular, we consid
how chains mediate effective interactions between bind
proteins that connect the chains together. Thus, we treat
multivalent counterions and bundling proteins as generali
linkers that adsorb onto the polyelectrolytes and result in
formation of interchain junctions. To gain insight into th
phenomenon of chain aggregation, we focus on a simpli
system, namely a pair of semiflexible polyelectrolytes in
presence of generalized linkers. We note that a strong s
larity can be seen between the theory treated here and th
DNA melting,30–35 where a double-stranded DNA molecu
denatures—separates—into two single-stranded chains
this latter case the role of linkers is played by the hydrog
bonds connecting complementary base pairs.

We begin with an analytical theory. First~Sec. II! an
effective interaction between linkers is derived, which tak
into account both the elastic~bending! energy of the indi-
vidual chains and the interchain electrostatic repulsions. T
interaction is found to be nonmonotonic. At short distanc
there is an effective attraction between linkers who
strength varies quadratically with the charge density of
chains; this attraction is cut off at still shorter distances
the direct repulsion~electrostatic and hard core in origin!
between linkers. At larger distances there is an effective
pulsion mediated by the bending energy of the chains
Sec. III we derive the statistical thermodynamic properties
a system of particles~the linkers! interacting through an ef
fective potential of this kind. The system is essentially on
dimensional~1D!, with only nearest-neighbor interaction
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accordingly, no true, first-order, phase transition is fou
Nevertheless, upon increase in the chemical potentia
linker we observe a dramatic crossover~‘‘rounded phase
transition’’! from a dilute to a condensed state of this 1
system of interacting particles. By analyzing the typic
chain configurations accompanying each thermodyna
state we are able to conclude that the dilute phase co
sponds to the chains forming large loops~with sizes exceed-
ing the chain persistence length! separated by isolated link
ers, while the condensed state is associated with essen
parallel chains that share a high density of linkers. While
slope of linker density vs chemical potential is finite, it
large enough to identify a distinct region in which low an
high density fluids coexist at essentially constant chem
potential. The position of this region is determined by t
relative magnitudes of intrachain bending energy and in
chain electrostatic repulsion. Further, it always contains
density at which the free energy of a pair of chains becom
lower than that of two isolated chains. We predict acco
ingly that when chains first begin to associate~pair! in the
presence of linkers~multivalent counterions or bundling pro
teins! they do so along only part of their length and that t
density of shared linkers is constant as further linker
added.

The above picture is borne out nicely in a series of m
lecular dynamics simulations that elucidate this process.
simulations are described in Sec. IV, where we treat a pai
semiflexible charged chains in the presence of neutraliz
counterions. The counterion fluid is composed of a mixtu
of monovalent and trivalent counterions. The simulations
aimed at determining the stability of two-chain complex
for different counterion mixtures, varying between pure
monovalent and~almost! purely trivalent. We found that be
low a certain threshold number of trivalent counterio
Nz535N* the chains do not hold together and separate fr
each other. Above it, the chains remain paired in a very s
cial way; along some fraction,f 2 , of their total length they
are essentially parallel and share some of the trivalent co
terions serving as interchain linkers. Upon further increas
Nz53 , f 2 increases~linearly with Nz53! up to its maximum
value ~unity! at N** . Throughout this regime (N* &Nz53

&N** ) the density of linkers remains constant, correspo
ing to the condensed state predicted by our theory, and c
sistent with the specific prediction that the onset of pair s
bility occurs within the two-phase coexistence region, i.e.,
soon as chains are paired they are in a parallel configura
with a high-density of linkers. AboveN** further addition
of multivalent counterions leads to an increase in the den
of linkers and to a saturation of the strength of binding~pair
association!.

II. THE LINKERS AND THEIR INTERACTIONS

A. Introduction

As discussed in Sec. I, our aim in this section is to co
struct an effective pair potential for linkers, including th
effects of chains, which we will then use in Sec. III to sol
for the phase behavior of the system.

We start with a description of the full system and redu
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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the problem to an effective linker–linker interaction in th
following subsections. Linkers are treated explicitly wh
monovalent salt ions are included only as a screening b
ground leading to a Debye–Hu¨ckel electrostatic interaction
of the form,

V~r !5
l B

r
e2kr ~1!

between charges on different chains.36 In the above equation
and in the following discussion all energies are expresse
terms of the thermal energykBT. The screening lengthk21

is related to the salt concentrationcs throughk258p l Bcs ,
the Bjerrum lengthl B5e2/«kBT being the length scale o
which the interaction between two monovalent ions is eq
to the thermal energy—it is about 7 Å for an aqueous so
tion ~dielectric constant«.80! at room temperature. Th
important feature of this approach is that correlations
tween the multivalent counterions are taken into acco
while those of the salt ions are neglected. We believe
this simplified pictures maintains the essential characteris
of the system and allows us to obtain important insight
garding the bundling process.

A schematic view of a multivalent ion forming a linker
presented in Fig. 1. It gains electrostatic energy if it is sha
by two charged chains. A reliable estimate of this energy g
~denoted 2«0! depends on many factors including the nu
ber of monovalent and multivalent ions in the solution, t
radii of the chains and the exact structure of the ionic la
surrounding the two chains. In the case of linker proteins
energy gain is due to specific interaction between the bind
sites of the protein and the long chains. It will be treated h
as a phenomenological quantity. The distance between
axes of the two chains at the linkage point~center to center!
is d.2r s1b, wherer s is the chain radius andb is the linker
diameter. Possible variations in the length of the link a
neglected in this model.

The presence of a linker forces two negatively charg
chains to remain within a small distance of one another. D
to their strong electrostatic repulsion, the lowest energy c
figuration is obtained when the two chains are perpendic

FIG. 1. Schematic view of two chains connected by linkers at~a! low linker
densities~the dilute regime!; ~b! high densities~the disordered ‘‘railway
track’’ structure!; and ~c! intermediate densities~the crossover regime!.
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to each other. More specifically, the angular dependenc
the electrostatic energy of two straight chains is43

Eel5
2pj2e2kd

k l B sinu
[

G

sinu
, ~2!

wherej5 l B / l q is the effective Manning–Oosawa parame
of the charged chains.14,44 The line charge density of the
chains is negative and equal to2e/ l q , wherel q is the aver-
age charge separation along the chain. We will see below
G is an important energy scale of the system.

The effective interaction between linkers is governed
the interplay between chain bending rigidity and repuls
interchain electrostatic interactions. Clearly, the chain be
ing rigidity favors parallel alignment of straight chains. O
the other hand, the electrostatic repulsion between ch
favors a large crossing angle between the two chains at e
junction; this interaction therefore results in a torque th
tends to bend the two chains.

In setting up the geometry of the problem, we assu
that the two chains are located in parallel planes. One ch
is located in they50 plane and follows the curve$x,y,z%
5$x, 0,z(x)%. The second chain is located in they5d plane
and follows the curve$x,y,z%5$x,d,2z(x)%. The total elec-
trostatic interaction energy of the two chains is given by

Eel5
j2

l B
E

2`

`

dx~11zx
2!1/2

3E
2`

`

dx8~11zx8
2

!1/2
e2kr 12

r 12
, ~3!

wherezx[dz/dx and

r 12
2 5@x2x8#21d21@z~x!1z~x8!#2. ~4!

The bending energy of each chain is

Ebend5
l p

2 E
2`

`

dx~11zx
2!25/2zxx

2 . ~5!

The bending modulus of the chain is given byl pkBT, where
l p is the persistence length; correlations in the direction
the chain decay exponentially with a decay lengthl p . The
approximate persistence length of DNA is 500 Å in t
double helix form.45 Actin filaments are much more rigid an
their persistence length is estimated to be between 2 an
mm. Generally speaking,l p depends on the monomer
monomer interactions and these depend on the surroun
environment. Intrachain repulsions~e.g., Coulomb! can
stiffen the chain and increasel p ,37,42 while attractions can
‘‘soften’’ it, reducing l p and even leading to buckling
instabilities.38–41 In the following we will neglect variations
in l p and take it to be a fixed quantity.

B. Interaction between two linkers

With the basic equations in hand, we are now equipp
to examine how chain interactions lead to an effective int
action between two linkers. We start by considering two lin
ers connecting the two chains. In our model, the linkers
located at a distancel from each other and constrain eac
chain at two points so thatz(6/2)50 @see Fig. 2~a!#.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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While the two linkers constrain the position of ea
chain at two points, the interchain electrostatic repulsion
erts a torque on the free ends that bends the central secti
the two chains@see Fig. 2~a!#. Far away from the linkers
(uxu@ l /2) the two chains straighten out. A simple trial fun
tion that will capture these two features can be construc
by matching a parabolic profile foruxu<x* with straight
lines for uxu>x* ,

z~x!5H h

2
@12~2x/ l !2# x<x*

2k21/22a~x2x* ! x>x*
, ~6!

wherex* is chosen as the point where the vertical distan
between the two chains exceedsk21. Namely, z(x* )5
2k21/2 and consequently

x* 5
l

2
A111/kh. ~7!

The slopea of the linear section is determined, by the co
tinuity of the first derivative, to be

a52
2h

l
A111/kh. ~8!

The variational quantityh characterizes the geometry of th
section between the two linkers, and is determined by m
mizing the free energyf 5Ebend1Eel from Eqs.~3! and ~5!.

The crosslink angleu can be determined fromh through

tan~u/2!52h/ l , ~9!

whereas theapparentangleu* is defined as the angle be
tween the straight segments,

tan~u* /2!5a, ~10!

and can be different from the local angleu.
Typical interaction profiles are shown in Fig. 3, whe

the free energyf was minimized numerically with respect t
h. The dependence ofu on the interlinker distance is de
picted as well. At large distances the two linkers are in
pendent of each other—the chains are perpendicular in

FIG. 2. ~a! Typical conformation of two chains connected by two linkers
x56 l /2. The chains are curved between the linkers and straighten ou
the distance between the chains increases beyond the electrostatic scr
length. ~b! Typical conformation of two chains connected by many linke
distributed at a fixed separationl from each other. In both cases, one cha
is in the y50 plain while the other is in they5d plane; they-axis being
perpendicular to the page.
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vicinity of the link (u→p/2) and the free energy is simpl
twice the energy of a single link (f→2G). As the linkers
move closer together the chains start to bend and the
energy increases. This bending energy is responsible for
repulsive barrier that can be observed in Fig. 3.

At large distancesl @k21, the electrostatic energy i
dominated by the crosslink energies,

Eel.2G/sinu. ~11!

The bending energy can be approximated by taking a fi
radius of curvature between the two links,R5 l sin(u/2)/2.
This yields

Ebend.2
l p

l
u sin~u/2!. ~12!

Minimizing with respect tou at a fixedl yields the following
implicit equation foru:

sin~u/2!1
u

2
cos~u/2!2G

l cosu

l p sin2 u
50. ~13!

Clearly, asG l / l p increasesu must reachp/2. Indeed, the
results presented in Fig. 3 show that in the repulsive reg
u→p/2. The leading contribution to the free energy in th
regime is therefore

f ~ l !.2G1a l p / l , ~14!

wherea5p/& is a numerical prefactor. The repulsive ter
increases with the persistence length, as can also be se
the figure.

As the linkers move closer to each other the free ene
increases until it reaches a maximum and then it decrea
The latter results from the partial overlap of the two cha
junctions. In fact, at distances shorter than the screen
lengthk21 the electrostatic energy should decrease fromG

as
ning

FIG. 3. Interaction free energyf ~a! and crosslink angleu ~b! as functions of
the reduced distancek l between the two linkers. The curves correspond
different values of the persistence lengthl p510 Å ~dots! l p550 Å ~dashed
curve!, and l p5200 Å ~solid curve!. The screening length isk21510 Å,
the effective Manning–Oosawa parameterj54, the interchain separation
d525 Å, and the Bjerrum lengthl B57 Å. The horizontal line in~a! marks
the energy of two separate crosslinksf 52G.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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to G as the two crosslinks gradually merge. At these sh
distances 2G overestimates the electrostatic contributio
The excess energy is due to the extra free ends of the
crosslinks. The interaction energy of these loose ends sc
as G and decays as e2k l since the dimensions of the loo
formed between the two linkers is of the order ofl . The
interaction free energy at short distances can be there
approximated by

f ~ l !.G@22e2k l #, ~15!

where we have neglected the bending energy term. This
proximate expression interpolates between a single cross
at short distances@ f ( l→0).G# and two crosslinks at large
distances@ f ( l→`).2G#.

C. A chain of interacting linkers

The trial function used above for two linkers does n
allow the free ends of the chains to exchange places. In o
words, we neglect the possibility of the configuratio
sketched in Fig. 4~a!. As a result, the two junctions remai
distinct from each other even at very short distances and
chains must bend in the presence of the two linkers. As
number of linkers at a junction increases, we expect the
ferred crossing angle at the junction to decrease, and to e
tually approach zero.46 In that limit, the junction becomes
straight section where the two chains are parallel and c
nected by many linkers@see Fig. 4~b!#, and it can be viewed
as a linear sequence of closely-spaced junctions. This
many-linker effect. Instead of including many-linker intera
tions explicitly, we include them by extracting an effectiv
pair interaction from a configuration that captures the
sence of the many-linker effect. Specifically, we study
infinite crystal of linkers equally spaced at a distancel as
shown in Fig. 2~b!, and identify the resulting free energy p
linker as the effective pair potential.

We choose a periodic trial function for the chain co
figurations of the form,

z~x!5
h

2
cos~px/ l !, ~16!

whereh is a variational amplitude. The crosslink angleu is
now given by tan(u/2)5ph/2l . It should be emphasized tha
although the exact shape of the trial function effects the
merical values it should not have a qualitative effect on
results.

In Fig. 5 the free energy per linker is calculated by min
mizing the sum of the electrostatic energy@Eq. ~3!# and the
bending energy@Eq. ~5!# with respect to the displacementh.
At large separations each crosslink is independent of

FIG. 4. Schematic view of a multiple-linker junction with two inter-cha
linkers ~a! and of two parallel sections with several linkers in between~b!.
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neighbors and contributes a term equal toG. It is therefore
useful to subtract this constant from the interaction free
ergy and add it later to the chemical potential of the linke
The resulting free energyD f ( l )5 f ( l )2G is plotted as a
function of the reduced interlinker separationk l in Fig. 5~a!;
the crosslink angleu( l ) is plotted in Fig. 5~b!.

At large separations the crosslink angle approaches
and the same approximation as before applies

f ~ l !.G1a l p / l l →`. ~17!

At short distances one crosslink is eliminated and
linkers gain energy by accumulating close to each other
the limit l→0 the energy gain is equal to2G per linker
~indicated by an arrow on the figure!. Furthermore, for rela-
tively stiff chains, wherel p@k21 ~as is the case in Fig. 5!
the electrostatic interaction is not strong enough to bend
chains at short distances and the chains remain straigh
low a certain threshold distancel * . Indeed, as demonstrate
in Fig. 5~b!, the crossing angleu vanishes forl< l * . The
crossover distancel * can be estimated by considering sm
modulations in thez direction Dz5h cos(pz/l) where h
!d. The effect of these modulations is to locally increa
the interchain distance, thus reducing the electrostatic
ergy,

DEel~ l !.2
2j2h2l

d2l B
K1~kd!, ~18!

whereK1 is the first order modified Bessel function. At th
crossover the gain in the electrostatic energy exactly b
ances the bending energy,

DEbend~ l !.
p4h2l p

2l 3 . ~19!

FIG. 5. Interaction free energies per crosslinkD f ( l )5 f ( l )2G ~a! and
crossing angleu ~b! as functions of the reduced distancek l between the two
linkers. Note thatD f changes sign forl 5 l 0 and thatu becomes nonzero a
l 5 l * ~denoted by an arrow for the solid curve!. The curves correspond to
different values of the chain persistence lengthl p510 Å ~dots!, l p550 Å
~dashed curve!, and l p5200 Å ~solid curve!. The interchain separation is
d525 Å, the effective Manning–Oosawa parameterj54, the screening
lengthk21510 Å, and the Bjerrum lengthl B57 Å.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Thus, the chains will bend as soon asDEel1DEbendbecomes
negative, which occurs for

l * l * 5
p

&
S l Bl pd2

j2K1~kd! D
1/4

. ~20!

Using Eq. ~20! for the data of Fig. 5 yieldsk l * .3.1 ~for
l p510 Å!, k l * .4.6 ~for l p550 Å!, and k l * .6.5 ~for l p

5200 Å!. These estimates agree reasonably well with
results presented in the figure.

When the chains are straight, the interaction free ene
per linker equals the length of the segment,l , times the elec-
trostatic interaction energy~per unit length! of two infinite
parallel cylinders,

f ~ l !.
2j2K0~kd!

l Bkr sK1~kr s!
l[

G

l 0
l l →0. ~21!

where K0 is the zero order modified Bessel function. T
linear dependence onl arises simply because the same el
trostatic energy is divided between more linkers. Deviat
from linear behavior enters as soon asl . l * and the chains
begin to deform. As the bending modulus increases~larger
persistence length! it becomes more difficult to bend th
chains and the linkers need to be further away from e
other before the chains start to bend.

At l 5 l 0 the interaction free energy equals its asympto
value f ( l 0)5 f ( l→`)5G. In the limit d*k21*r s ,

l 0.~2pdk21!1/2. ~22!

For the parameters of Fig. 5 the above equation givesk l 0

.4 in agreement with the results of the variational calcu
tion.

As discussed in the next section, the attraction at sh
distances~in both regimes! can lead to accumulation of link
ers between the two chains. The rate of this accumula
depends on the height of the repulsive barrier which is p
portional tol p / l * and thus scales asl p

3/4.

III. THE ONE-DIMENSIONAL LINKER FLUID

A. Introduction

We proceed now to the full statistical mechanics of t
many-linker system, including fluctuations in the interlink
separations. We use the interaction free energy calculate
the previous section as a contribution to the two body~effec-
tive! interaction energy between linkers. The full effecti
pair interaction contains three terms,

v~ l j !5D f ~ l j !1 f loop~ l j !1vdirect~ l j !, ~23!

where l j denotes the separation between linkerj and linker
j 11. Below, we discuss each of the terms in turn.

The first term in Eq.~23! is the indirect linker–linker
interaction mediated by the two chains, calculated in the p
vious section. Note that we have subtracted the cons
f (`)5G but will include it in the chemical potential. Th
interaction free energyD f ( l j ) was calculated in the preced
ing section for a perfectly periodic profile. Nevertheless,
use it here as an approximation for the nearest neighbo
teraction in a disordered fluidlike structure. The error int
duced by this approximation depends on the coupling
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tween the chain section on one side of a linker and the ch
section on the other side. At large linker separationsl j

@k21 the crossing angle saturates to 90° and the two c
secutive sections are decoupled from each other. In this
gime, the interaction between linkers is indeed equal to
result calculated from the periodic case. At small linker se
rations, the approximation is again justified because
chains are straight~the crossing angle is 0°!. It is only for
intermediate crossing angles that the decoupling assump
no longer holds. However, as shown in Fig. 5~b!, the cross-
ing angle crosses over from 0° to 90° over a very narr
range of inter-linker separations, so the intermediate reg
is small.

The second term in Eq.~23! is the chain configurationa
entropy associated with the loop that is formed by the t
chain sections connecting the two linkers. It gives rise t
logarithmic term of the form,30,47,48

f loop~ l j !5c ln@ l / l p#, ~24!

where the exact value ofc depends on the statistics of th
chains. For ideal chainsc53/2, while for a self-avoiding
walk c57/4.47 If excluded volume interactions between ea
loop and different parts of the chain are taken into acco
the coefficient becomesc.2.1.48 For semiflexible chains
these values apply only at large separationsl j@ l p . When l j

is comparable tol p the value ofc is modified.31,33 How-
ever, in this regime the contribution of the bending rigidi
far exceeds the entropy of the loops. We can theref
neglect the deviations from the large distance behavior
assume thatc53/2 as long asl j> l p and thatc50 when
l j, l p .

The loop entropy has important consequences in theo
ical models of DNA denaturation.30,47,48It turns out that due
to the long-ranged nature of the logarithm term, the coe
cient can change the nature of the DNA melting transit
from second order~when 1,c<2! to first order ~when c
.2!. We expect excluded volume interactions to have
similar effect in our case as well. Namely, the rounded tr
sition that is discussed below could turn into a first ord
phase transition if excluded volume interactions are fully
counted for.

The termvdirect( l j ) takes into account the bare linker
linker interactions. The main contributions to this term a
the short range hard core interaction,

vHC~ l j !5H ` l j<b

0 l j.b
~25!

and the screened Coulomb repulsion,

vzz~ l j !5
z2l B

l j
e2k l j . ~26!

The final approximation that we make is to treat t
effective interaction, Eq.~23!, at the nearest-neighbor leve
Each of the three terms contains further neighbor contri
tions, but as we will argue below, these contributions will n
change the qualitative phase behavior of the system.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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In the first term, next-nearest-neighbor interactions
not exist when the crossing angle is 0°~short separations! or
90° ~large separations!. As explained above, neighborin
sections separated by a junction are decoupled in these
limits. In the intermediate regime, there are further neigh
interactions, but because they are at intermediate separa
they are not long-ranged and therefore do not affect ph
behavior. We note in passing that although the first term c
tains a 1/l repulsive tail, it cannot lead to crystallization for
similar reason: whenl is large and the linkers are far apa
the crossing angle is 90° and the interactions do not ext
beyond the nearest neighbor. Thus, the first term cannot
bilize the one-dimensional crystal of linkers again
fluctuations.49

In the second term, next-nearest-neighbor interacti
can arise when loops interact with each other becaus
excluded volume interactions between chains. To our kno
edge, this effect has not been taken into account even w
sophisticated treatments of the DNA denaturation problem48

and we do not attempt to include it here.
Finally, the third term includes direct interactions such

the Coulomb interaction. We take the Coulomb interact
into account only at the nearest-neighbor level. We note
the presence of the two oppositely charged chains provid
neutralizing background to the charged linkers, so the sys
is a one-component plasma in one dimension interacting
three-dimensional screened Coulomb interactions. Beca
the interactions are screened, they cannot stabilize the
dimensional crystal against fluctuations. Thus, high
neighbor interactions cannot change the phase behavio
the system and can therefore be neglected.

B. Statistical mechanics of a one-dimensional
linker fluid

We proceed now to extract the thermodynamic prop
ties of a linker fluid from the effective interlinker interactio
v( l j ). The number of linkers isN and they are restricted to
section of lengthL between the two chains. The natural m
croscopic degrees of freedom are the linker positions$xj%,
where 0,x1,x2, ¯ ,xN,L.

If only nearest neighbor interactions are considered,
convenient to express the partition function of the system
terms of the interlinker distancesl j5xj 112xj . Two virtual
particles can be added atx0 and xN11 that do not interact
with the linkers so thatv( l 0)5v( l N)[0. In the canonical
ensemble whereN andL are fixed, the set of variables$ l j%
satisfies the constraintl 01 l 11 l 21 ¯ 1 l N5L. The inte-
grals over thel j ’s can be decoupled from each other in t
Gibbs ensemble where the one-dimensional pressureP is the
natural variable instead ofL.49 The pressure is equivalent t
a Lagrange multiplier ensuring that the volume~length! con-
straint is satisfied onlyon the averageand the size of the
system is equal toL in the thermodynamic limitN, L→`.
In this limit, the choice of the ensemble for the calculation
a matter of convenience as each of the thermodynamic
tentials can be transformed to any of the other potentials
means of a Legendre transform.

In the Gibbs ensemble the partition function is
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ZN5E
0

` dl 0

lT
¯E

0

` dl N

lT
expS 2(

j 50

N

v~ l j !2P(
j 50

N

l j D
5Z0

2Z1
N21, ~27!

Z05E
0

` dl 0

lT
exp~2Pl0!5

1

lTP
, ~28!

Z15E
0

` dl

lT
exp~2v~ l !2Pl !, ~29!

wherelT is a microscopic length scale and originates fro
tracing over the kinetic degrees of freedom. An extra fac
of lT is included in order to keepZN dimensionless.

The Gibbs potential is now given by

G~N,P,T!52 ln ZN52~N21!ln Z122 lnZ0 , ~30!

and size of the system is

L~N,P,T!52
1

ZN

]ZN

]P
5

]G

]P
. ~31!

The one-dimensional pressureP has dimensions of force. I
can be interpreted as the thermal average of the force ac
on each linker from both sides. If the system were to
confined to a long narrow tube of lengthL, P would also be
the force acting on the two caps at the far ends of the tu

Additional thermodynamic information can be extract
from the partition function and the Gibbs potential. For e
ample, the chemical potential of the linkers can be calcula
as

m5
G

N
52S 12

1

ND ln Z12
2

N
ln Z0 ——→

N→`

2 ln Z1 , ~32!

and the average interlinker distance is given by

l̄ [^ l &5
1

Z1
E

0

` dl

lT
l exp~2v~ l !2Pl ! ~33!

from which the linker densityr51/l̄ can be easily extracted
Another important parameter is the mean-square fluctua
in the interlinker distance,

D l 25^ l 2&2 l̄ 2

5
1

Z1
E

0

` dl

lT
l 2 exp~2v~ l !2Pl !2 l̄ 2. ~34!

In the thermodynamic limitN→`, the compressibility is
directly related toD l 2 via

kT52
1

L

]L

]P
5

D l 2

l̄
. ~35!

Finally, one can also calculate the probability densityp( l ) of
two linkers being at a distancel ,

p~ l !5
1

Z1

1

lT
e2v( l )2Pl. ~36!

In principle, Eq.~31! can be inverted to give the pressu
P as function of the chain lengthL. Due to extensivity in the
thermodynamic limit,P can only be a function of the linke
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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densityr5N/L. Via Legendre transformation it is then po
sible to return to the canonical ensemble and calculate
free energy of the system for a fixed number of particles
a fixed chain length,

F~N,L,T!5G2PL,
~37!

f ~r,T![
F

L
5rm2P.

This ensemble reflects the situation encountered in exp
ments that are performed at high enough chain concen
tions so that all condensing agents are in the close vicinit
the chains. The number of linkers is basically determined
the ratio between the number of condensing agents and
number of chains in solution.

Similarly, one can also calculate the grand canonical
tential for a fixed chemical potential and fixed chain leng

V~m,L,T!5F2mN52PL,
~38!

v~m,T![
V

L
52P.

This ensemble corresponds to experiments performed at
chain concentrations where the number of condensing ag
in the surrounding solution is not affected by the presenc
the chains. The linkers can then be considered to be in e
librium with a reservoir of fixed concentration.

Finally, we recall that in our definition of the interactio
potential v( l ) we have omitted two terms that should b
recovered in the chemical potential. The total chemical
tential should therefore read

m tot5m22«01G, ~39!

where 2«0 is the linker adsorption energy between the tw
chains andG is the electrostatic energy associated with a n
crosslink. If the linkers are in contact with a reservoir~bulk!
of linkers at a fixed concentrationcl the total chemical po-
tential must equal that of the bulk,

m tot5mb[ ln cllT
3, ~40!

wherelT is the thermal wave length of the linkers in sol
tion. The grand canonical potentialv(m) is uneffected by
our definition of the chemical potential, while the total c
nonical free energy becomes

f tot~r!5 f ~r!1~G22«0!r. ~41!

An exact estimate of«0 has to take into account the structu
of the counterion layer between the two chains and, in p
ticular, the competitive adsorption of monovalent and mu
valent counterions.44,50A rough estimate based on the inte
action of polyvalent counterions with an isolated charged
in a salt-free solution gives«0.2zj. In order to limit the
number of assumptions made, we will present our result
terms ofm and f instead ofm tot and f tot .

C. Numerical results

The interaction potentials obtained using the variatio
method~see Fig. 5! can be used as a starting point for ca
culating the thermodynamic properties of the linker fluid.
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typical example is presented in Fig. 6, where we have u
the same values for the physical quantities as in Fig. 5~long
dashed curve! and in addition we have chosenb51 Å and
lT51 Å. The different sets of curves correspond to differe
linker valencies. The solid curves correspond to neutral li
ers with only hard core interactions (z50), while the short
~long! dashed curves correspond to counterion valencz
52 (z53).

In Fig. 6~a!, the free energy densityf (r) is plotted as a
function of the linker density. The linker densityr is a natu-
ral variable when the number of linkers is fixed. Physica
such a situation occurs at high chain densities when there
not enough condensing agents in the solution. As long as
free energy can be lowered by forming additional links, a
condensing agents that are present in the solution will fo
interchain links. This process will stop as soon as the m
mum in the free energy is reached. As demonstrated in
6~a!, the position of this minimum depends on the nature
the interlinker interactions. Neutral linkers saturate at
close packing densityr51/b while charged linkers saturat
at much lower densities.

Note that the free energy is concave with no singular
i.e., the model system does not undergo a first order ph
transition. The absence of such a transition is a consequ
of the fact that only nearest-neighbor interactions are ta
into account. Yet, even though the system does not under
true phase transition in the thermodynamic sense, the cr
over can be quite sharp. In Fig. 6~b! the linker densityr is
plotted as a function of the chemical potentialm. When z
50, a sharp jump in the density occurs close to the po
wherem&2G, whereG.11.8 for the parameters of Fig. 6
Below this point the linkers are dispersed far from each ot
and the chains form large loops in between. Above this po
the linkers are much closer to each other and the chains
almost parallel to each other, resembling a railway tra
This sharp jump appears as an almost linear section in
free energy@Fig. 6~a!# in the range 0&r&0.2.

The increase in the density is accompanied by large fl
tuations in the interlinker separationD l as depicted in Fig.
6~c!. These large fluctuations are due to the coexistence
small and large interlinker separations at the crossover, s
lar to those present in the vicinity of a first order transitio
Note that we have neglected excluded volume interacti
between different parts of the chain that contribute to a lo
range interaction between different parts of the chain. It
been shown recently48 in the context of DNA denaturation
that this effect leads to a first order transition.

In Fig. 6~d! the grand canonical potentialv(m) is plot-
ted as a function of the chemical potential. The choice of t
ensemble is appropriate at low chain concentrations
when the number of linkers in the solution is large enou
for it to be considered a reservoir of linkers with fixe
chemical potential. As the system enters the high den
regime the grand canonical potential decreases and as
sult pairs of chains become more favorable with respec
unpaired chains. The correspondence between the ‘‘railw
track’’ phase and chain pairing is important since the form
tion of chain pairs marks the onset of bundling.

If the linkers are charged, the strong interlinker Coulom
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 6. Thermodynamic potentials calculated numerically:~a! free energy densityf (r) as a function of the linker densityr; ~b! linker densityr as a function

of the chemical potentialm; ~c! the fluctuations in the interlinker separationD l / l̄ as a function ofr andm ~inset!; ~d! grand canonical potential densityv(m)
as a function of the chemical potentialm. The different curves correspond to different values of the linker valency:z50 ~uncharged linkers, solid curve!, z52
~short dashes!, andz53 ~long dashes!. The values of the physical quantities used in the calculation ared525 Å, j54, k21510 Å, l B57 Å, l p550 Å,
b51 Å, andlT51 Å.
en
th

tw

u-
p
n-
Th

th

la

n
io

en
ke
n-
ire
a-

to

be
ral
in

he
ults

s

m-
m-
ain

ted
be

eri-
rions
repulsion shifts the crossover point to higher chemical pot
tials and it becomes more difficult to push the linkers into
dense phase. As can be seen in Fig. 6~b! the increase in the
linker density is much more moderate and consists of
additional jumps at high values ofm. Note, however, that the
initial crossover point is only slightly affected by the Co
lomb repulsions and that the dominant changes hap
above this point. Following the first jump, the density i
creases more or less linearly with the chemical potential.
average slope in this regime is approximately 1/2z2l B as pre-
dicted by simple analytical approximations presented in
Appendix. In two regions, 0.5 Å21&r&0.65 Å21, and
0.65 Å21&r&1 Å21, the slope becomes steeper and a re
tive increase in the fluctuations@Fig. 6~c!# can be also ob-
served. These are typical signatures of a structural cha
which might be related to the hard-core interlinker repuls
since it is almost independent of the linker valency.

In the canonical ensemble the minimum of the free
ergy is no longer at close packing but at a much lower lin
density @Fig. 6~a!#. The optimal density decreases with i
creased linker charge due to the enhancement of the d
linker–linker Coulomb repulsion. Similarly, the grand c
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nonical potential is much less negative when compared
neutral linkers@Fig. 6~d!#.

As we have seen previously, simple expressions can
derived that characterize the interlinker interaction in seve
limiting cases. We use these approximations, described
detail in the Appendix, to calculate the free energy of t
system in the different regimes, and compare these res
there to the numerical results reported above.

D. Chain pairing

Until now we have studied the distribution of linker
between the two chains assuming thatthe two chains are
paired, i.e., held together. In fact, the chains will only stay
close to each other if the free energy of the two-chain co
plex is lower than that of two isolated chains. We now co
pare the two possibilities—isolated chains versus ch
complexation—and seek the point where pairing occurs.

The free energy of the two chain complex was presen
previously while the free energy of the single chains can
estimated as follows: the chains adsorb multivalent count
ons and the interaction between these adsorbed counte
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 7. Comparison of the free energy and grand canonical potential of a linkers fluid between paired chains~solid curves! and multivalent counterions
adsorbing to isolated chains~dotted curves!. The free energy per unit lengthF/L is plotted as a function of the density in the paired stater25N/L in ~a!, ~b!,
and ~c!. In ~d!, ~e!, and~f! the grand canonical potential per unit lengthV/L is plotted on a logarithmic scale as a function of the chemical potential of
free linkers. The same values of the physical quantities as in Fig. 6 are used here. The hard core diameter and multivalent counterion valenb
51 Å, z50 in ~a! and ~d!; b50, z52 in ~b! and ~c!; b50, z53 in ~e! and ~f!. The valuez53 was used for calculating«0 in ~a! and ~d!.
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consists only of the direct partv linker( l ) of the interlinker
potential@Eq. ~23!#. The total length of the system is now 2L
and if the number of linkers is fixed the density of adsorb
counterions will be half the linker density in the paired sta
r15r2/2. Note that in the paired state, we have neglec
the contribution of adsorbed counterions that do not fo
links between the two chains.

The same analytic approximations as discussed in
Appendix in detail can be applied here and yield the follo
ing thermodynamic properties. In the presence of hard-c
interactions,

m5 lnS lTr1

12r1bD1
r1b

12r1b
2«0 , ~42!

F

2L
5r1F lnS lTr1

12r1bD21G , ~43!

V

2L
52

r1

12r1b
2r«0 . ~44!

Similarly, Eqs.~A21!, ~A22! can be generalized in a straigh
forward way.

In Fig. 7 the free energy and grand canonical potentia
the paired state are compared with the reference state of
lated chains. For comparison, the thermodynamic poten
and the number of particles are divided by the same len
scaleL. The chemical potentials are calculated using a cr
approximate adsorption energy«0.2zj. The data from Fig.
6 were used for the paired system.

As can be seen in the figure, the point where the pa
state becomes favorable to the unpaired state almost c
cides with the crossover from the dilute linker fluid to th
dense fluid. We conclude that pairing occurs when lncllT

3

.22«0.
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IV. MOLECULAR DYNAMICS SIMULATIONS

A. Introduction

In order to explore further our numerical model, we ha
performed molecular dynamics simulations of an over
neutral system consisting of two charged semiflexible cha
and a mixture of monovalent (z51) and trivalent (z53)
counterions with no co-ions~see Fig. 8!.

Each chain consists of 64 charged monomers carry
one unit charge per monomer. All particles in the syst
~monomers and free ions as well! repel each other through
repulsive Lennard-Jones~LJ! potential,

ULJ~r !5H 4«LJF S s

r D 12

2S s

r D 6

1
1

4G r<r c521/6s

0 r .r c

,

~45!

where«LJ ands are the LJ energy and length scales, resp
tively. The chain bond potential is the standard finite exte
sible nonlinear elastic~FENE! potential,

UFENE~r !52 1
2 k0r 0

2 ln@12r 2/r 0
2# ~46!

with a spring constantk057«LJ /s2 and maximal extension
r 052s. The simulations are performed at a fixed tempe
ture kBT51.2«LJ , where the average bond size is^r &
51.1s. Chain rigidity is introduced by the sum of ang
dependent harmonic potentials,

Ubend~u!5k1~u2p!2. ~47!

Here u is the angle between neighboring bonds andk1

520«LJ /rad2, which corresponds in our simulations to a
intrinsic persistence lengthl p.18s. Finally, the Coulomb
interaction between pairs of charged particles of valencyzi ,
zj is given by

UCoulomb~r !/kBT5zizj l B /r , ~48!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 8. Typical snapshots of the molecular dynamics simulations at different compositions:~a! isolated chains atNz53513; ~b! partial chain overlap at
Nz53518; ~c! metastable ‘‘fork’’ structure atNz53519; ~d! fully zippered structure atNz53525; and~e! saturated structure atNz53532. The black spheres
are trivalent counterions, the white spheres are monovalent ones, and the gray spheres are the monomers. The figure was prepared using VMD52
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and is calculated with periodic boundary conditions using
particle–particle particle-mesh~PPPM! algorithm51 with a
mesh consisting of 163 points. The Bjerrum length isl B

53.2s and the Manning–Oosawa parameter characteriz
the linear charge density along the chains isj5 l B /^r &
.2.9. The simulations were performed in a cubic cell
dimensions (109s)3.

The dynamics of the system are performed with
Langevin thermostat.53 Namely, mv̇52mgv1f (U)1f (T),
wherev is the velocity of a particle~chain monomers as we
as monovalent and trivalent ions!, m its mass~identical for
all particles!, andf(U) the total force acting on it as a result o
the potentials described above. The random~thermal! force
f(T) satisfieŝ f i

(T)&50 and^f i
(T)f j

(T)&56mgkBTd i j /Dt at dis-
crete time stepstn5nDt; g is the friction coefficient of the
particles in the solution. The system is advanced in ti
steps Dt50.015tLJ with tLJ5sAm/«LJ being the basic
Lennard-Jones time unit, while the damping constant is ta
asg51/tLJ .
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B. Results

The main aim of the simulations was to probe the sta
ity of two-chain complexes at different counterion mixture
The initial configurations consisted of two chains next
each other and the counterions~monovalent and trivalent!
closely near by. Since the total number of charged monom
is 128 the number of trivalent counterions can vary betwe
0 and 42. When the two chains are initially separated fr
each other they do not form a two-chain complex even
counterion mixtures where the complex appears to be sta
This can be attributed to a high kinetic barrier for aggreg
tion similar to the one suggested for the bundling of rig
rods.54 Due to this limitation we can only interpret our re
sults in terms of the stability of the two-chain complex a
we can not determine whether the complex is indeed
global minimum of the system or just a local one.

Another limitation of the simulation resides in the choi
of the simulation box size, which corresponds to the conc
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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tration of chains in solution. The results of the simulation
depend on the box size since translational entropy of
chains depends logarithmically on the box size. In fact,
very low concentrations~large box size! the low osmotic
pressure of the chains will pull them apart. On the other h
at large concentrations many chain effects become impor
We have chosen an intermediate box size for which b
these effects are minimal. Our choice is somewhat arbitr
and affects the results presented here quantitatively but
qualitatively.

Typical snapshots from the simulations are shown in F
8, while a quantitative analysis is presented in Fig. 9. T
fraction of chain charge~128! neutralized by trivalent coun
terions is given in each case by

f z535
3Nz53

3Nz531Nz51
5

3Nz53

128
. ~49!

Four different regimes can be distinguished depend
on the number of trivalent counterions in the system. At l
trivalent counterion numbers,Nz53,N* 514, the chains do
not remain together, and are basically isolated@see Fig. 8~a!#.
In this first regime~I! less than one third of the monome
charges are balanced by the trivalent counterions (f z53& f *
533%).

At intermediate trivalent counterion numbersN*
&Nz53&N** .24 (f * & f z53& f ** 560%) the chains star
to form a paired complex@see Fig. 8~b!#. Pairing is partial
with the two chains being shifted with respect to each ot
~regime II!. We note that some meta-stable structures suc
the ‘‘fork’’ shown in Fig. 8~b! appear occasionally during th
simulation. Such a structure is less favorable energeticall
compared to the ‘‘shifted’’ structure@see, e.g., Fig. 8~b!#, due
to the electrostatic energy associated with the branch
point.

In Fig. 9 the length of the shared segmentl 2 and the
densityr2 of trivalent counterions in this segment are plott

FIG. 9. The length of the segment shared by the two chainsl 2 ~a! and the
density of trivalent counterionsr2 in this segment~b! as functions of the
total number of trivalent counterions in the systemNz53 . See text for dis-
cussion of the four different regimes.
Downloaded 18 Jun 2002 to 128.97.139.122. Redistribution subject to A
e
t

d
nt.
h
ry
ot

.
e

g

r
as

as

g

as functions of the total number of trivalent counterions
the system. The length of the shared sectionl 2 is calculated
by first identifying the left and right neighbors of each shar
multivalent counterion, and then summing up the interlink
separations. The density is simply the inverse of the aver
interlinker separation. First, note that the structure of
shared segment confirms that the trivalent counterions ca
viewed as interchain linkers connecting the two chains.
the shared segment the two chains are as close to each
as they can be while accommodating trivalent counteri
~‘‘linkers’’ ! in between. Although some monovalent coun
rions are in close proximity to the two chains they on
rarely squeeze in between the two chains.

Second, it is clear from Fig. 9 that in this regime th
density of interchain linkers remains more or less const
even as the total number of multivalent counterions is
creased. Furthermore, the trivalent–trivalent correlat
function g3:3(r ) defined as

g3:3~r !5
V

4pr 2Nz53
2 (

iÞ j
^d@r 2ur i2r j u#& ~50!

does not change drastically as the total number of triva
counterions varies. A typical correlation function~corre-
sponding toNz53525! is plotted in Fig. 10. The principa
features are the main peak aroundr .2.5s and the secondary
peak aroundr .4.5s. The presence of these two peaks is
signature of short range liquidlike ordering of the trivale
counterions in between the two chains.

Constant linker density with increasing number of lin
ers in the system is a typical signature of phase coexiste
In our case the two phases are~i! trivalent counterions ad-
sorbing at densityr1 onto unpaired chain sections of tot
length 2l 1 and~ii ! trivalent counterions serving as linkers
densityr2 in the shared chain section of lengthl 2 . At coex-
istence, both phases must share the same chemical pote
and osmotic pressure,

FIG. 10. Trivalent ion correlation functiong3:3(r ) for Nz53525.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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m1~r1!5m2~r2!, ~51!

2P1~r1!5P2~r2!. ~52!

The solution of these two equations gives the optimal de
ties r1* , r2* which must remain constant in the coexisten
regime. The number of trivalent counterion in each of t
phasesN1 , N2 as well as the lengths the unpaired sectio
( l 1) and the shared section (l 2) can be extracted from th
following set of equations:

r1* 5N1 / l 1 , ~53!

r2* 5N2 / l 2 , ~54!

Nz5352N11N2 , ~55!

l tot5 l 11 l 2 . ~56!

The solution yields a linear dependence of the shared le
on the number of polyvalent counterions~the ‘‘lever rule’’!,

l 25
Nz5322l totr1*

r2* 22r1*
. ~57!

As can be seen in Fig. 9~a!, l 2 is indeed a linear function o
Nz53 in regime II. The dashed line is drawn using the abo
equation with the following estimates:r1* .0.075s21, r2*
.0.37s21, and l tot570.4s.

It is interesting to compare this regime with the results
the theoretical model where we had two different transitio
~i! the crossover of the one-dimensional linker fluid from
dilute to a dense phase, and~ii ! the chain pairing transition
Due to computational constraints we are limited in the sim
lations to relatively short chains. As a result, we cannot
serve the large loops that should accompany the trans
from the dilute linker fluid to the dense phase since the
loops are expected to be longer than the chains themse
The unpaired sections observed in the simulation are th
fore reminiscent of two different features of the theoreti
model: ~i! the large loops characteristic of the intermedia
linker phase; and~ii ! unpaired chains coexisting with paire
chains at the pairing point.

The coexistence regime ends aroundNz53.N** when
about 60% of the monomer charges are balanced by triva
counterions. At this point the two chains are almost fu
paired and the unpaired sections disappear@Fig. 8~c! and
regime III in Fig. 9#; any addition of trivalent counterion i
accompanied by an increase in the linker density. Fina
whenNz53*N*** .32 ~75% charge neutralization! the in-
terlinker Coulomb repulsion makes it unfavorable to furth
squeeze trivalent counterions between the two chains and
extra counterions are excluded from the region between
two chains. In this regime the linker density saturates to
maximal value and does not increase further. The extra co
terions do not diffuse far away from the chains but remain
the close vicinity of the two chain complex.
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V. DISCUSSION AND CONCLUSIONS

A. Summary of pairing phenomena

In this paper we have studied the association of t
charged semiflexible chains due to the presence of mult
lent counterions or proteins serving as interchain linkers. O
main results can be summarized as follows.

First, we have studied the effective interlinker intera
tion due to the presence of the chains. We find that the c
bination of chain rigidity and interchain electrostatic repu
sion leads to an effective potential that is repulsive at la
interlinker separations and attractive at short separations

We then used this potential together with the direct
terlinker interaction~namely, the short-range hard-core r
pulsion and/or the screened Coulomb interaction! to study
the behavior of a~quasi! one-dimensional linker fluid located
in between the two chains. We find three different regim
depending on the density of linkers between the two cha
at low densities the linkers are in a dilute phase where
lated linkers are connected by large loops formed by
chains@see Fig. 1~a!#. At intermediate densities the linker
form clusters that are, again, connected by large loops@Fig.
1~c!#. Finally, at high densities the linkers are in a den
phase, resembling a ‘‘disordered railway track’’@Fig. 1~b!#,
where the chains are basically straight. We find that
crossover from the dilute regime to the dense one occ
over a narrow range of linker chemical potentials and
reminiscent of a first order phase transition. Note that t
transition is similar to the isotropic-nematic transition
semiflexible chains,55 where the chains become aligned
high concentrations. The driving force, however, is differe
in the latter case it is the gain in translational entropy t
induces the transition, whereas here the transition is indu
by the interplay between the linker binding energy and
repulsive electrostatic energy between chains.

Next, by comparing the free energy of the two-cha
complex with the free energy of isolated chains we show t
chain pairing cannot occur in the dilute regime but only
the intermediate and dense regimes. In these regimes
aggregation of linkers allows them to hold the two cha
together against the Coulombic interchain repulsion. The
sults of the model compare favorably with molecular dyna
ics simulations of two charged chains in a mixture
monovalent and multivalent counterions at varying compo
tions. Here again, we find that chain pairing can only occu
the number of linkers is high enough.

B. Comparison with bundling experiments

The aggregation of DNA~Ref. 4! and F-actin~Ref. 7!
has been studied experimentally as a function of added m
tivalent counterions. While the length of DNA molecule
~ranging from microns up to millimeters! can be orders of
magnitude larger than its persistence length~50 nm!, actin
filaments are typically shorter than their persistence len
~estimated to be a few microns!. Thus, on the length scale o
microns DNA can be considered to flexible while F-actin
basically rigid. Despite this important difference strikin
similarities were found in the experiments between these
systems.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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The main findings can be summarized as follows~see
Fig. 11!: In the absence of multivalent ions the chains d
solve in solution. Addition of multivalent ions induces inte
chain attraction and leads to precipitation of the chains fr
solution, provided that the concentration of multivale
counterions is high enoughcz.cz

(precip). At low chain con-
centrationscpol,cpol

(1) the threshold concentrationcz
(precip) is

independent of the concentration of polymer in the soluti
At higher chain concentrationscpol

(1),cpol,cpol
(2) the threshold

concentrationcz
(precip) depends linearly on the concentratio

of polymer in the solution.
In dilute polymer solutions the number of multivale

counterions in solution is not effected by the presence
chains. The solution can be therefore viewed as a reservo
counterions with a fixed chemical potential and be trea
within the grand canonical ensemble. Precipitation occurs
when this chemical potential reaches a critical value, sim
to the mechanism of chain pairing discussed earlier. In m
concentrated polymer solutions all multivalent counterio
are attracted to the chains and the number of adsorbed c
terions per chain is determined simply by the stoichiome
ratio between the number of counterions and the numbe
chains in solution. Such a situation is most naturally d
scribed by thecanonical ensemble. In analogy with the pair-
ing mechanism, precipitation now occurs as soon as
number of adsorbed counterions per chain reaches a fi
critical value leading to a linear dependence ofcz

(precip) on
cpol .

The bundled chains redissolve in the solution when
concentration of multivalent counterions becomes too h
cz.cz

(rediss), wherecz
(rediss) is of the order of 100 mM for

DNA and is nearly independent ofcpol . This redissolution
transition can be attributed to screening of electrostatic in
actions by multivalent counterions.56 In our pairing modelG
is the basic energy scale which determines how favorable
paired state is with respect to the unpaired state. SincG
depends exponentially onk it decreases sharply at high va
ues of cz ; this is consistent with the fact thatcz

(rediss) de-
creases with increased salt concentration.4,7 For an aqueous
solution in room temperature and in the absence of salt
electrostatic screening length forcz5100 mM is 4.4 Å for a
1:3 salt consisting of trivalent counterions and monoval
coions and 3.3 Å for a 1:4 salt. Assuming that redissolut
occurs at a fixed value of the electrostatic screening len
we expect the following dependence of the redissolut
concentration on the salt concentration:

FIG. 11. Schematic view of bundling behavior as function of~a! the con-
centration of chainscpol and~b! the concentration of salt in the solutioncs .
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cz5cz
(0)22cs /~z211!, ~58!

wherecz
(0) is the limiting value ofcz

(rediss)at low salt concen-
tration.

The effect of monovalent salt on the bundling process
twofold. First, the monovalent counterions adsorb on
charged chains, thus competing with the multivale
ones.44,50As a result, multivalent counterions that could ha
become linkers are pushed into the solution. Note that si
local counterion concentrations depend exponentially
their valency, the bulk concentration of monovalent salt h
to be considerably larger than the concentration of multi
lent counterions before the effect becomes noticeable. S
ond, salt enhances screening, thus leading to a decrea
the adsorption energy«0 as well as in the electrostatic energ
scaleG. The combined effect is that there is an increase
the critical concentration of multivalent counterions need
to induce precipitation.4,7 Experiments indicate thatcz

(precip)

and cs might be related through a power law whose val
depends on the physical properties of the chain and of
multivalent counterion.7

It should be noted that similar behavior was observed
flexible charged polymers as well.12 The polymer was poly-
~styrene sulfonate! ~PSS! whose persistence length is of th
order of few angstroms. A theoretical model describing
precipitation of PSS from solution in the presence of mu
valent counterions was suggested by Olvera de la C
et al.12 The model attributes the attraction between polym
segments to fluctuations in the density of condensed m
valent counterions. More specifically, since the valency
the counterions is larger than the valency of the monom
the apparent charge density of the polymer chain toge
with its surrounding condensed counterions will be high
nonhomogeneous. Thus, monomers that are accompanie
a multivalent counterion carry an apparent charge that is
posite in sign to their bare charge and they are attracte
monomers that are not accompanied by one. The compet
between this attraction and the bare electrostatic repul
yields stability diagrams that are in reasonable agreem
with PSS solubility experiments.

A different attempt to explain the solubility diagrams
more rigid chains has been suggested recently by Solis
Olvera de la Cruz.56 They use a two state model consisting
a collapsed state, assumed to be an ionic glass, and an
tended state, where the chains are assumed to be stra
One of their main results is that redissolution occurs wh
the electrostatic screening length in the collapsed state
creases below the monomer size. In an alternative mod57

the main mechanism driving the redissolution is overcha
ing of stretched charged chains by multivalent counterio
Indeed, it has been demonstrated that in the case of p
electrolyte adsorption onto charged surfaces, charge o
compensation leads to intersurface attraction.58 However,
electrophoretic mobility experiments4 suggest that overcom
pensation might not be necessary in order for aggregatio
occur.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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C. Comparison with DNA denaturation

Our pairing mechanism resembles the process by wh
double stranded DNA~in the form of a double helix! is
formed from ~or decomposed into! two complementary
single strands.30,31,33–35Each DNA strand is a sequence
nucleic acids, 3.4 Å apart, with four different bases: Aden
~A!, Cytosine~C!, Guanine~G!, and Thymine~T!. Each C
base on one of the strands binds with a G base on the
complementary strand through 3 hydrogen bonds, while
and T bind together forming 2 hydrogen bonds. The dou
helix is stabilized by the hydrogen bonds as well as by sta
ing interactions between neighboring residues, rendering
stability sequence dependent. As in our model, the hydro
bonds compete with the bare electrostatic repulsion betw
the single strands, resulting from their high charge dens
under normal physiological conditions each base carries
unit charge. Single strands are much more flexible th
double strands but they can be also described as a sem
ible chain with a persistence length estimated to be aro
40 Å.

Experiments have shown that as the temperature
creases, the double helix denatures in discrete steps. At
step a section of the double helix opens up to form a loop~or
bubble!. The order in which DNA loops open up depends
the specific sequence: areas rich with AT pairs tend to de
ture at lower temperatures while those rich with GC pa
tend to denature at higher temperatures. These loops are
similar to those we predict to occur in the crossover regi
of our model. Furthermore, the fact that a whole sect
opens up abruptly is reminiscent of the sharp jump in
binding isotherm of the linkers@e.g., Fig. 6~b!#.

A few classic models of DNA denaturation have be
suggested in the past.30–35,47,48These models focus mostly o
the following questions:~i! Is the melting transition a true
phase transition, and if it is, is it a first order or second or
transition?;~ii ! What is the relation between the DNA s
quence and the order in which different sections of
double helix denature?

The earliest and probably the most generic model is
Poland–Scheraga model,30 where each base pair is assign
a spin variable with two states: open and closed. Differ
statistical weights are then assigned to consecutive seque
of open pairs~loops! and closed ones~double helix!. In this
approach the specific properties of DNA are hidden in a f
phenomenological parameters. Despite its simplicity this
proach has been quite successful in relating the melting
havior of DNA to the sequence of nucleic acids.31,33 The
model has been also used as a starting point for studying
nature of the melting transition.30,47,48Recent studies indicat
that excluded volume interactions between the nucleic a
render it a true first order phase transition.

Another approach is based on the Peyrard–Bis
model34 where the degrees of freedom are the displacem
of each base along the axis connecting it to the correspo
ing base on the adjacent strand. The model has the advan
that it allows for bond stretching and intermediate states
tween an open bond and a closed bond. On the other h
the model neglects the entropy of the large loops, which p
an important role due to its long ranged effect.
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Our approach is complementary to the previous two. T
double helix system carries many features that are comm
with our model. The main differences are the followin
First, the linkers are not real particles whose total numbe
conserved but rather bonds that can be either open or clo
A similar distinction between the Ising model and the sta
dard lattice gas model can be bridged using a mathema
mapping between the partition functions of the two mode
Second, since bonds can be formed between every base
the linkers are not free to move continuously along t
chains but are restricted to a discrete set of fixed positi
located 3.4 Å apart. We note that our approach can be g
eralized to include sequence-specific bond energies.
main advantage of our model over previous approache
that we explicitly include electrostatic interactions, which a
known to play an important role in such systems, and ch
bending rigidity as well. Our approach is therefore a natu
one for studying electrostatic denaturation of DNA. It is al
well-suited for studying tension-induced denaturation
DNA with or without binding proteins.59

D. Final remarks
The point of view adopted here, of treating multivale

ions or binding proteins as generalized linkers, is useful
cause it provides a unifying framework for treating the a
gregation of charged semiflexible chains. Within this fram
work we can understand why the phenomenon of bundlin
strikingly similar for all systems of charged semiflexib
chains. For example, bundling occurs when the quality
solvent is reduced; this gives rise to effective attractions
model containing this attraction can be mapped onto a mo
containing linkers, just as hydrogen bonds can be map
onto linkers as described for DNA denaturation above. B
dling also occurs when neutral polymers such as PEG
added, due to depletion interactions@as inc-condensation of
DNA ~Ref. 60!#. The depletion attractions become attracti
at short distances when the PEG concentration is h
enough, much as in the case of added linkers. Thus,
conclusions apply very generally to systems with charg
semiflexible chains in solution, not only in the presence
explicit condensing agents such as multivalent ions or b
dling or crosslinking proteins, but also when short-rang
attractive interactions of various sources are present.

Our approach appears limited because we have con
ered only two chains. What are the consequences of link
in many-chain systems? Here we argue that the mechan
for a phase transition between a dilute linker phase an
dense linker phase transcends the two-chain model. We h
found that the bare electrostatic repulsion between
charged chains leads to an effective attraction between l
ers along the chains that results in a rounded phase trans
in the two-chain case. In a many-chain system, there is
an electrostatic cost for every junction. If more than o
linker clusters at a junction, the number of junctions d
creases and the energy per junction also decreases.
mechanism for an effective attraction between linkers sho
apply in the many-chain system as well as the two-ch
system. We therefore expect that in a many-chain syst
there is a true phase transition from a dilute linker phase
dense linker phase. In the dilute linker phase, the cha
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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cross at large angles; this is a network. In the dense lin
phase, the chains are nearly parallel and densely packed
is a bundle. The existence of a phase transition between
works and bundles may be relevant to the cytosol of c
such as blood platelets. Micrographs of the cytosol show
bundles of F-actin can exist in close proximity to and ac
ally merge into networks of F-actin.61 This implies that the
self-assembled structure is highly sensitive to gradients
the concentration of various bundling and crosslinking p
teins. We know that high sensitivity to concentration can
found in the vicinity of a phase transition. We therefore su
gest that this might not be a coincidence; if the system
tuned to be near a phase transition, small amounts of spe
proteins can be used to drive the system from one phas
another.
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APPENDIX: ANALYTIC RESULTS

1. The dilute regime

At low linker densitiesr!1/l * the average interlinke
separation is large and the main contribution to the partit
function comes from the long range (l * l * ) part of the po-
tential. The potential can then be approximated by

v long~ l !.
a l p

l
1c ln~ l / l p!. ~A1!

For c53/2 the partition function can be calculated exactly62

yielding

Z15Ap

a

lT

l p
e2A4a l pP. ~A2!

In the thermodynamic limitN,L→` the Gibbs potential be
comes

G~N,P,T!5NFAp

a

lT

l p
1A4a l pPG . ~A3!

ExtractingL as function ofP @using and inverting Eq.~31!#
gives the following equation of state:

P~r,T!5a l pr2. ~A4!

The dependence of the pressure on the density is typica
systems with repulsive interactions wherel p plays the role of
a one-dimensional second virial coefficient~up to numerical
prefactors!.

The free energy density and chemical potential are

f tot~r,T!5a l pr21r lnSAa

p

lT

l p
D 1~G22«0!r, ~A5!

m tot~r,T!52a l pr1 lnSAa

p

lT

l p
D 1G22«0 . ~A6!
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The first term represents the chain mediated interlinker
pulsion while the last term is just a constant shift in t
chemical potential of the linkers. Note the cancellation of t
logarithmic dependencies on linker density of the trans
tional entropy and the loop entropy.

The compressibility and the fluctuations in the link
separations are

rkT5
1

2a l pr
, ~A7!

rD l 5
1

A2a l pr
. ~A8!

2. The dense regime: Neutral linkers

At small separations (l & l * ) the chain-mediated inter
linker interaction depends linearly onl ,

vshort~ l !.2G~12 l / l 0!. ~A9!

With only hard core interactions the partition functio
becomes

Z15
eG2(P1P0)b

lT~P1P0!
, ~A10!

whereP0[G/ l 0 . In the thermodynamic limit the Gibbs po
tential is

G~N,P,T!5N@ ln lT~P1P0!1~P1P0!b2G#, ~A11!

and the equation of state

~P1P0!~L2Nb!5N. ~A12!

Note the resemblance to the van der Waals equation of s
The attractive part of the potential reduces the pressure b
amount equal toP0 , while the volume of the system is re
duced by the excluded volumeNb.

The free energy and the chemical potential are

f tot~r,T!5rF lnS lTr

12rbD21G1P022«0r, ~A13!

m tot~r,T!5 lnS lTr

12rbD1
rb

12rb
22«0 , ~A14!

while the isothermal compressibility and fluctuations in t
linker separations are

rkT5~12rb!2, ~A15!

rD l 512rb. ~A16!

Note that the energy gain2G per linker@Eqs.~A13!, ~A14!#
cancels the electrostatic cost of forming a junction@Eqs.
~39!, ~41!#.

3. The dense regimes: Charged linkers „zÌ0…

If the linkers are charged the interlinker potential i
cludes an additional repulsive term at short distances.
glecting the effect of screening on the bare interlinker pot
tial and the hard core interaction, the potential now becom

v~ l !52G~12 l / l 0!1z2l B / l , ~A17!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 12. Comparison of the numerical calculation with the analytic approximations for the data described in Fig. 6~solid curve!. The solid curves are the
numerical results while the short and long dashed curves correspond to the dilute regime and the dense regime, respectively. The values of tl
quantities used in the calculation arek21510 Å, l B57 Å, j54, d525 Å, l p550 Å, z50, b51 Å, andlT51 Å.
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whereP0 was defined above. The partition function is

Z15
eG

lT
A 4z2l B

P1P0
K1~A4z2l B~P1P0!!, ~A18!

and the Gibbs free energy

G~N,P,T!5NF ln lTS P1P0

4z2l B
D

2 ln K1~A4z2l B~P1P0!!2GG . ~A19!

Using the asymptotic behavior of the Bessel function
large arguments~valid in the high pressure/high density r
gime! we obtain the following equation of state:

P1P0.z2l Br2, z2l Br@1. ~A20!

The free energy density, the chemical potential and the c
pressibility are

f ~r,T!5r ln lTr1z2l Br21 1
2 r ln@z2l Br/p#

1P02Gr, ~A21!

m~r,T!5 ln lTr12z2l Br1 1
2 ln@z2l Br/p#2G, ~A22!
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r

-

rkT5
1

2z2l B
2r

. ~A23!

4. Comparison with numerical results

The analytic expressions derived above can be comp
now with the numerical calculations. We consider here n
tral linkers with only hard core interactions~Fig. 12!. The
solid curves are the numerical data from Fig. 6, to be co
pared with the short dashed curves~dilute regime! and the
long dashed curves~dense regime!. The qualitative features
are well described by the analytical expressions altho
some quantitative features are different.

Consider first the situation were the linker densityr is
fixed @Fig. 12~a!#. In the dilute regime the minimum of the
free energy is at a low value of the linker densityrdilute*
!1/b and the value of the free energy at the minimum
close to zero. On the other hand, in the dense regime
minimum is close to the close packing densityr→1/b and
has a strong negative value which is of the order of2G. At
the crossover from the dilute regime to the dense one b
the chemical potentials and the pressures in the two ph
are equal. The result is two implicit equations for the den
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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479J. Chem. Phys., Vol. 117, No. 1, 1 July 2002 Association of two semiflexible polyelectrolytes
ties rdilute, rdensein the two regimes at the crossover,

m tot
(dilute)~r (dilute)!5m tot

(dense)~r (dense)!, ~A24!

P(dilute)~r (dilute)!5P(dense)~r (dense)!, ~A25!

where m tot
(dilute) and m tot

(dense) are given by Eqs.~39!, ~A6!,
~A14! while P(dilute) and P(dense) are given by Eqs.~A4!,
~A12!.

Since r (dilute)!r (dense).1/b one can extract from the
pressure equality@Eq. ~A25!# a lower bound on the density i
the dense regime,

r (dense)*
P0

11P0b
, ~A26!

and an approximate crossover chemical potential

m* * ln lTr2G, ~A27!

m tot* * ln lTr22«0 . ~A28!

For the parameters of Fig. 12 we obtainr (dense)*0.23 and
m* *213.3 which are in reasonable agreement with the
merical results.

Below the crossover point the density is low and can
approximated by the short dashed curve while above
point it approaches the close packing density 1/b as is de-
scribed by the long dashed curve.

The crossover is accompanied by a strong increase in
fluctuations of the interlinker distance@solid curve; Fig.
12~c!#. Since the analytic expressions are only valid w
within each regime and not at the crossover, the peak in
fluctuationsD l / l̄ is not reproduced. In addition, the fluctu
tions in the dense regime are not well reproduced in
analytic approximation. The numeric results indicate t
D l / l̄ .(12rb)2/3 instead of the linear dependence predic
by Eq. ~A16!.

In a fixed chemical potential ensemble the crosso
from the dilute regime to the dense regime is determined
the grand canonical potentialv~m! depicted in Fig. 12~d!.
Below the crossover pointm,m* the potential of the dilute
phase is lower than that of the dense phase. Atm5m* the
potentials are equal and then atm.m* the grand canonica
potential is lower in the dense phase. Note that, sincev
52P, equating the grand canonical potentials is equival
to equating the linker pressures.
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