Olga Galina, Andrey lkin, Yakow Pesin

10"

Quizes
fo prepare yourself for nierview

==z ZZE pOUrsSe\\ \\ NS




Olga Galina, Andrey Itkin, Yakov Pesin. 101 quizes for preparing yourself to pass an interview ¢
programmers and economists). World Scientific, 1999

ISBN

Authors of this book are well-known mathematiciamsl programmers. They live and work in USA themfor
are well familiar with a problem how to prepare fgrif to pass an interview. 101 quizzes are cabbetithin
the book that either were ever suggested for progrers and economists at real interviews in US fiand
companies or are close to that in spirit. To saha most proposed problems reader does not nekdvio a
special mathematical education, it is supposedaHsdsic course of an elementary school is suffidie doing
so. A detailed solution of each problem is presnige book might serve as a good training aidpfeople
looking for a job in programming or economics hoeesne may also treat it simply as a collectionafzzes
on popular mathematics. The book also contains ameé&ul information for programmers and economigts
the former SU seeking a job in USA, for instancecheme of a typical interview, questions often dsie
interviews, description of some problems of thea\dssupply etc. References to Internet pages thatam
information about job opportunities in USA and psiblsome other useful advises for job seekerslaoegaven.

This is a first book of such a kind where authoexddman attempt to offer an algorithm how to prepateself
for interview from the standpoint of mathematicgyit and just a common sense.

For programmers, economists, mathematicians, phaysi@nd simply for all lovers of the amusing mathgcs.

© Original copyright.
© ldea: Authors

ISBN



CONTENTS

ACKNOWIEAGEIMENTS. .. .ottt et et et et e e e e et e e e e e e et e et e e r e e e e e e e e
[ (] 2= o = PO
Chapter 1. QUIZZES Of TEal N VIEWS . ...t ie ittt et e et e et e e e e e e et e e e et e te ea e e e e aaeas

0T o0 |8 147. =
(O UToTS o] R (= L=Te | PP
MAENEMALICAI QUIZZES ... . ee ittt e e e e e e e e et et e ettt e et e e e e
PRYSICS QUIZZES ... oot et et et e e e et et et e e e e e e e
Programming QUIZZES. ... ... oeiin et e et e e e e et e et e et e e et e e e e e e e s

agrwnpE

Chapter 2. Quizzes that could be asked at INTEIVIEM ...... ...t et et e e e e
w LOQIC QUIZZES ...t e e e e e e e e e e

O LU= 2] o =3 = 1T ) P

S T Y/ = 11 g T PV To= L0 U474 =2 P

LS TR o 03] o= 0 V117474 = O
MO o oo =0 T 1T o Ko {847

(O F=T o (=] g TS o] 1111 o] g 1 PP

Chapter 4. Some USEfUl MALEIIAIS. . ... .. et e e e e et e et et et e e e
11. What problems do people from the former SU facenndezking an intellectual job in USA...............ccoveenis
12. What may be fouNd iN INTEINEL. ...t e e e e e e e e e e een s
13. HOW t0 WOIK 1€QAIIY (VISAS BLC.) ... e ettt ettt e et et et e et e e et e e e et et e e e e
14. Some firms at the East Coast that recruit “RUSSTHDYIramMMErS.......cooi i e e e e e

(@0 T3 1113 [0 o 1



Acknowledgments

This book could not be issued without a kind hdlpur friends and colleagues. Being aware of atghoias
towards solving and collecting various mathemataad logical puzzles, they permanently providedysew
exemplars of such problems. But since the time waelema decision to gather them within one book ve¢ ju
started purposefully persecute all people whom weevacquainted with forcing them to bring us mand a
more new and newest problems that had been ofédriederviews in various firms and companies. Fuately,

by that time we ourselves and basically our collesgmanaged to get playing as the role of intemieso an
opposite role being interviewed when looking fgola. That is why they had what to impart to us.eatthem
made his own and significant contribution to ourtmal work. Therefore we take a chance to express ou
undying gratitude for their participation and wodide to name them personally. Maxim Shclover, llya
Olshanetskii, Efrem Spravtsev, Vladimir Melomed&lex Kononenko, Sergei Verbitskii — our great thené

all of you.

Some of problems presented in this book were nggested at real interviews (or at least we areamn@re of
that fact if it took place) but are close in commapirit and sense to the problems that interviewsse to
nonplus probationers. We found them in the bookpapular mathematics and programming, in Internetiso
heard about them from our friends and colleaguesc@sidered it as our pleasant duty to attachotbik by a
list of references to these sources. Thank tollppedecessors who have famously worked for pojgalion
of mathematical methods of programming and ecornamic

Despite this is not the first book of the authobsit(really so far each of us wrote and publishedkbo
separately) but our first attempt to realize ows®lin another area — an area of popular scienedai@ly,

pessimist will argue that passing an interview igstlty a kind of art, not science, and perhaps ihigue.

However, we considered it to be quite reasonables® scientific approaches when preparing yourfeelf
interview. No doubt that just our editors prevensisdo write this book in a usual scientific manasing many
formulae and a specific scientific language, ang thelped to make reading easier. Their advisesidenrably
improved the final version of the book and we siatyethank them for their professional and impresserk.

Names... ... Thank you!



PREFACE

The interview. This word makes hearts of those Wwnee ever gone through an interview beat fastevsé&hwvho
are about to take an interview for the first timet gnerely shaken when they hear this word. Even
«professionals” who have gone through interviews s times and have gained a great deal of expeziteel
chill and often refuse to discuss the subject. Whthis word so frightening? An interview may |astveral
hours and the interviewee may be asked to solvenabar of tricky problems. For some people an ingsvv
may become somewhat like a nightmare: stressfud dag sleepless nights proceeding the intervieilly'«s
questions addressed to friends like «Can | put afney legs onto another one while sitting in fraitthe
interviewer?” and so on and so forth. Of coursearsrand vigorous people (and they constitute thgnitya of
those who are invited for interviews) raise natugakéstion—How can | avoid this nightmare? Is thaeny
efficient way | can use to prepare for an interde®omewhat like a collection of «trustful” instriocts, a
«manual” where | can find answers to most of thly«gjuestions as well as solutions of «typicatdrview
problems”.

The authors have also come across these quedlieasreader, the result of this idea is now in yoamds.

As you, our reader, already understood the ideatwawllect in one place «typical interview probEnand
other related «stuff”, which can be used for praqgato an interview. Of course, we decided to felsturselves
to the areas of our own expertise: mathematics poben science, mathematical methods in economyaanitl
of physics. We know almost nothing about interviewkich for example, ornithologists have to go tigb.

Should they show skills to run fast in a densedboe ability to fly (how else can one get inforinaton wild

birds? You can see how much we know about ornithotbat is of course, an interesting and usefuiglise).

We do not want to give any incompetent advisestharefore, ask specialists in other fields who misp look
at the book to excuse us.

Following the wise words that «every new idea &t ja well-forgotten old one” we decided to lookefally
through the existing literature on the subject. Tdiend a number of very good books where some ways f
preparing for interviews are considered as wek@se quite reasonable advises are given on howite the
resume. We also found some interesting Web sitesawarious aspects of the interview are discusBeeke
some people with successful careers share somal ukefights about interviews and «how to fight them
However, we were not able to find any reasonabllectmn of problems, which were given to interviess who
were looking for positions in mathematics, compusigence business, economy, etc. Although we faaougle
sites with interesting collections of mathematitadjical, and other «brain-breaking” problems lngtyt were not
designed as «typical interview problems” and mafjnem were much above that level.

It is our understanding that «interview problems2 guite specific and their level and type deperty much
on the personality of the interviewers. Indeedythmbably are not so much interested in knowing lgood
you are in solving some tricky problems (we bet ymuld never face any such problem in your futucekj

Ultimately, they want to see skills in logical thing, your ability for taking non-standard decisoretc. And
they can use various ways to try to figure this. ddtich also depends on interviewer’'s personal egpee,
taste, and preferences. Whether he or she useem®olvhich were carefully prepared or likes to ioyise

during the interview (perhaps, depending on therimtwee answers). Therefore, it seems very diffiunot

impossible to completely formalize the preparationthe interview. However, in our opinion one dayn to

work out some skills, which could be very usefukalving «typical interview problems”. Most impant these
skills may help you in your future work and thuspgassing the interview. We sincerely believe trda be
achieved by thorough working through «typical istew problems”.

Where can one find these «typical interview prold&mrhere are many books on popular mathematics and
computer science which contain a lot of puzzles (séerences in the book). Among them are remaekadbks
by Perelman that helped get into mathematics mangmtions of Russian students. They are writtdRuissian
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and unfortunately are not translated into Engl{Bly. the way we know some of the interviewers whigiofoffer
some problems taken from Perelman’s books). We hallected big number of «real interview problems”
which otherwise were scattered throughout diffetmtks. We also added other problems which we rerexdf
on interviews and which were not published anywltanel thus went «from mouth to mouth”).

We divided all problems into groups: logical prahk finding strategy, geometrical, and physicalbjgms.

This division is somewhat arbitrary since solutia@ismany problems require both logical thinking asaime

level of mathematics and even physics (though sgalte elementary). We also dared to classifyablems

according to the level of their difficulty. So, vevided the problems into five groups marking by tfiose

which are most simple and by (*****) those whicheamost difficult. One can immediately draw an agslo
with classification of hotels or of cognac maturityell, it would be not bad if after solving a pteim of the

level (*****) you would feel yourself during the ierview as comfortable as if you were in a suitdive-star

hotel or as pleased as after a glass of a fiveecsigmac.

This book should not be considered as a textboohkathematics or computer science. In order to solest of
the problems the reader needs to know some baglematical concepts on the level of a high schoathm
course as well as some core notions on programasimg the language C. Few problems which requigbeéri
level of mathematics are marked by (0). For readeshvenience in section «Solutions” we provide saare
mathematical facts needed to solve a given problem.

Finally we divided our problems on «real intervipmblems” i.e., those that were given on some vigers and
«problems that might have been given at an interyiee., those that are close to «real ones” irel@nd spirit.
In our opinion the latter are very useful in préparfor an interview. Each problem in the book isgented by
three personages. The «Stater” (abbreviation Shdsone who states the problem formally. The «Argue
(abbreviation A) is the one who argues conditiomd gequirements in the problem and sometimes pesvah
involuntary hint for a solution. The «Tester” (abliation T) is the one who tests the level of thebjem,
marks it, and provides a comparison with other lanois. We hope that this SAT-team (do you recogttiee
famous test?) will «animate” the problem and makenore attractive. If this Preface did not comgiete
evaporate your interest, if you still want to exsfuyourself by trying various puzzles then go dhesad turn to
the next page.




Quizzes of real interuiews

1.1. Common sense

One guy wants to pass a brilliant to his friend thvas in another city, by mail. The post senis@rganized in
such a way that any stuff can be delivered onlndpgiaced in a still box locked by a padlock. Ottise all the
content of an unlocked box is grabbed. So how Heefiend can get an access to this brilliant?

1. How to send brilliant****

A:

Actually it happens in the contemporary Russia.sThuy has to send this brilliant from Moscow to
St.Petershurg. The post service works very bad.tblmtbad, but this service is quite unreliable. Buteast
locked boxes could be delivered (it means that nlegkess something is good in the contemporary iRYss
However it rises a problem: how does this friendstrPetersburg will open the box? Indeed, he hakeryo
There are some ways to pass the key, but if, fetiairce, you place the key in the locker it willgrabbed. If
you put this key in another box and send it to &eRBburg you must lock it otherwise the key wél drabbed.
But now how to open the second box with the keyd&fd People in Russia use very ordinary padloclks, b
nobody can produce a key having only a lockerd&ss nobody can do anything. Suppose trains dgafsbm
Moscow to St.Petershurg, aircrafts do not fly, Iseré is no any opportunity to pass the key from ddasto
St.Petershurg except by using mail. Thus, it idearchow the guy’s friend may get an access tohhikant
(i.e. he wants to have it in hands, definitely imobox).



8

T:
Despite this problem is highly subtle it has ar‘fadlution. Needs solely a logical mind and a §uigts. | have
suggested it for many people but only few of theamaged to solve it. Surely give it 4 stars.

2. Two robs**

S:

Given two ropes that burn non-uniformly. Each rbpéng set on the fire from one side completely butown
during an hour. How one could measure 45 minutegussuch ropes?

A:

The essence of the problem is that each rope mamsiniformly. Otherwise | would fold it in two, & again,
note where is three fourths and then set it orfitbgust at this point. But as it is it is uncleahat to do.

T:

This is also a problem to check your quick-wittestnand whether you have a non standard mind. Sorgeth
about 2 stars.

3. Alphabetical series’

S:
Giventhe serie® TTFFSSEN......... Could you continue it?

A:
Sorry, | have no comments. It is a perfect statéroktine problem. But once | have got this probleymmyself
at a real interview. Fortunately, | solved it.

T:
This problem is not so complicated but funny. Myleration - 1 star.

4. Numerical series’

S:
Given the triangle

11
21
1211
111221
312211

What should be the next row?
A:

Despite | knew this problem for a long time, onednternet | have found a note that the sum oftgligi each
row is a Fibonacci number. Thus, to avoid any amibygt is necessary to give the next row in tharigle.



T:
According to my observations women solve this pobmuch faster than men. Apparently it also reguseme

kind of non-standard logic which perhaps is clasatomen” logic.This problem is as not so complathas
funny. My evaluation - 1 star.

P
P

5. Problem of crossing’

S:
Two people come to the bank of the river and seenapty boat. But it may carry only one persor,

So how they both can cross the river? %

A:

This boat with two people on the board sinks, & ha enough floatation. Unfortunately, these guysat know
how to swim. Even if one of them holds the boatae not swim. And the water is practically freedé;h..!
Thus it is better keeping dry. It would be goodital at the bank something that can float, foranse some log,
but there is nothing. So yes, indeed how these gaysross this river? Unfortunately, for the tibeéng we can
not fly either.

T:

Again it is a problem of quick-wittedness but wétlguite different approach for solving it. Despitis rather
intricate but not too hard. Therefore it does resatve more than a star.

1.2. Logic problems

6. Town of liars”™

S:

There are two towns: the first one (T) where dlkens always tell truth and the other one (L) vehalt people
always lie. You stay at a fork of two roads. Oneh&fm goes to town T while the other one — to tawut you
are not aware of to what town which road goes. Urattely, you meet a citizen of one of these towats b
unfortunately you do not know where he lives. Omiryquestion he answers only “Yes” or “No”. How cdul
you find a right way to town T if you might ask hionly one question?

A:

suitable in this case. Indeed, let us assume yant pot to a certain town which
actually is town L. If you met the liar he/she aessv“No” in such a case while the
truthful person say “Yes”. So you have no idea wihig town is. Therefore, youri
approach has to be more sophisticated.

It is clear that the usual question like “Does ttiad go to the town of liar?” is n01|

]

T:

Yes, but not so much. | believe the right idea dessetwo stars.
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7. Four sages

S:

Four sages contended with one another who of teaheiwisest. An old man decided
to help them. He took 5 caps from a bag — 4 blaxckane white, put black caps up on
a head of every sage respectively, but the whigereturned back to the bag. Each
sage does not know what color is the cap on hisloead but can see what caps are
all the other sages. Who first manages to guessdioe of the cap on his head — is the
cleverest one. Upon some time one of these sageddtarmined that he is dressed in
a black cap. How did he know it?

A:
The simplest way would be to ask somebody aboBuiteach sage is in competition with the othersesdoes
not want to help his competitors. The old man &kseps silence. And nobody else is hereabout.

T:
This is a logic problem of another type. Actuatigt that difficult. 2 stars.

8. Five sages”

S:

The same problem as the previous one but now #rer® sages while the old man has 7 caps — 5 hladk
white. Again he put all black caps on these sagdsaturned back to the sack all white caps. Aralragne of
these sages manages to guess what color is ttenddap head. How did he do it?

A:
| have a good solution — he did it in the same likagyfor the previous problem! But it is a joke,adurse.

T:
| definitely recommend resolving the previous pemblfirst because some advance logic has to beegpipdire.

The additional sage — the additional star. And ribenber of caps has also been increased that iesreas
possible number of variants of the solution.

9. Lost dollar”

S:

Three men had dinner at a local restaurant. Whamediwas over they paid $30.00 total to the wastré&so each
paid $10.00) and left. Suddenly the waitress redlthat she charged them five dollars more. She gatra five
dollars to the boy who assisted her and asked dimrt and return the money to the three men. Theahmught
it would be fair if he would take two dollars outfive and would return only the remaining thredlas. He did
so and hence, each man got one dollar back. Firth#iythree men paid 27.00=3x9 dollars for the elirand the
boy got two dollars. This results in total 29.00las. Where is an extra dollar?
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A:

A very actual problem. The moral is - have a caltorl if you can
not to count your expenses in mind. However, mayhey gave
this extra dollar as tips? Otherwise it is somekthut | would like
to know who is this adroit juggler who pocketedsttollar?

T:

Yes, there is a trick but nothing criminal. Imagitat you are a
judge and investigate this matter. You definitddpdd find it!

10. Honest people™

S:

16 people say the following statements one aftetten:
1: There are no honest people in this room;

2: There is at most one honest person in this room;
3: There are no more than two honest people irrdiois

16: There are no more than 15 honest people indbis.
How many honest people are in the room?

A:

Let me imagine same problem but with 2 people értiom. The first guy asserts the absence of hqeegile
while the second one says that there is no morelthenest person. If the first is a liar thanskeond tells the
truth and we solved the problem. But to analyzesthation if there are so many people is muchdrard

T:

That is right. It means you have to find anothey wéich allows you to find the solution under arpagpriate
number of people in the room. Try it!

11. Town of unfaithful wives™

N family pairs live in a town. All pairs are divideénto two groups: happy pairs where a wife ishfiait to her
husband, and unhappy ones where respectively simfaighful to him. Given that each husband celydinows
about any women in the town except only his owrewithether she is faithful to her husband or notthia
town there is a law: each husband who has learbedtdis wife's adultery must bring her to the ¢caaame
day. One day a pilgrim comes to the town and sdykrfow that there are adulteress in your town. Hoany
days have to pass after in order t to bring alltadesses to the court?
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A:

Despite man’s solidarity in this case husbandsncexchange information with one another (mayhes tlo
not want?). In other words nobody will come to ymd tell that your wife is unfaithful to you. Anldat is right!
Who knows how this miserable man will react to thisrmation. The best case is if only his wife lsiliffer
from him, but there is no guarantee that a pahifury will fall on you.

T:
This problem seems to be not that easy. Here iistatty to work on problems about sages first. #os one |
would give an additional star.

1.3. Search of strategy

12.Herrings in a barrel”

wdm(

S:

You stay in front of a circle barrel which lid hfmair symmetrically located holes.

In every hole there is a herring in a vertical posi These herrings could stand in

the barrel either head up or tail up. Given thatliti is opened when all herrings

are oriented in the same directions, i.e. all hgadr all tail up. You may do the O O
following action: put simultaneously your handsimy two holes, take 2 herrings

off from these holes, look at them and then putthack either having kept their O O
orientation or turned back any of these two herifa even both). After that the

barrel is rotated and stopped so that you do noivkinom what holes you did

take herrings. Again you may take off two herrifigen any two holes etc. What

should be you strategy in order to open the baW#éiat is the minimum number

of steps to achieve this result?

Well, it looks like | could put hands in the holeswo different ways: to adjacent

holes or to opposite (diagonal) ones. But even ghoit may happen that
theoretically | could never ever put my hands imsemf the holes! This worries
me! It must be hard problem!

T:

Oh, do not worry — this problem has a solution. Alednot forget that the barrel
can be opened in two cases: when all the herrirlgstanding head up or vise
versa — tail up. | thought about two stars first ymu convinced me that 3 stars is
fair.
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13.Dices”

"
> '/ .o>

S:
You roll the dice and get the certain numkdémom 1 to 6. You have a choice: either to taldollars and stop

the game or to roll the dice again and take anaherunt of dollars equivalent to the new obtainechiber. Let
us assume that you have only 3 attempts. What d@l@uyou efficient strategy to get maximum money?

A:

In case of two possible attempts your strategyctbelas follows. If after the first throw you hayat 1, 2 or 3
points, the probability to get more within the sed@ttempt exceeds 50%. Thus, it makes sensel theadice
again. And vice versa if you have got 4,5 or 6dkes sense to take your money off. But what dohaue to do
with 3 attempts?

T:
The probability theory is involved here. This maary the reader who is not familiar with it. But dot panic,

this problem can be solved in many ways, and itiquaar even just applying the common sense. Thathy —
2 stars.

14. Choice of balls”™

S:

Given 3 closed boxes with a ball inside each omen @f these balls are black while the last onehgev You
are asked to choose the box where according togginion is a white ball. Then one of two other bsis
opened and so you can see that there is a black&ide. This opened box is taken off and you hawehoice.
You may confirm your initial guess that the whitdllis in the box pointed by you from the very begng or
may change your opinion and choose the other bdvat\8hould be your choice?

A:

One chance per three that the white ball is ifbtheyou have chosen initially. What about the otesed box?
Does it have the same chance or not?

T:

This problem also requires the minimum knowledgehef probability theory. A common sense of cousse i
rather helpful. Let give it 2 stars.
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1.4. Mathematical problems

15. Purchase of a book”

S:

Two girls, Kathy, 10 and Susan, 12 wanted to bbgak. It turned out that neither of them has enaughey to
buy the book and in fact, Kathy is short of 2 ddland Susan of 3 dollars. They decided to joiir theney and
to buy one book for two. However, even so theydiil not have enough money for the book. How mdich
the book cost?

A:

To make the life easier let us consider only inteder this problem. So each girl has an integeowm of
dollars and correspondingly the cost of the boakss integer.

T:
If we consider cents as well then the problem dmtdave a unique solution. But the reader malydsttermine
the limits of the book price however. Let it beatditional training for one more star.

16. Scattering of stones”

S:
There aren(n-1)/2stones which arbitrary divided into several sefgagaoups. One chooses a stone from every

group and combines them within a new group. Thenpgtocedure is repeated again. Show that thisgoiure
ends up witm-1 groups such that theth group contains exactlystones.

A:

Well, if | understood it right there could be greuihat contain 1 or 2 or some other amount of stoheven
could imagine that it could be the only group ttamtains all stones. But if | take a stone fromrgygoup, the
groups that contained 1 stone disappear. But idsae@ew group is created each time that combinesstome
from every existed group. Also the group that cimatdk stones transforms to the group that now contieifhs
stones. So it seems this process will never end up.

T:

Yes, it will. I give you a hint. Considering theogess ended does not mean you stop to move thesstion
contrast you proceed but the final distribution slemt change. In other words, suppose you had taircer
amount of groups with 1 stone, some other amourdrofips with 2 stones etc. It could be no groupd th
contained sak stones. So the process ends up when the numiibes# groups (or the distribution of stones
over the groups) remains constant with time. Thidblem deserves 3 stars.

17. Problem of mixting™

S:
| have a half-cup of tea and a half-cup of coftdake one teaspoon of tea and mix it with my caffiaen | take
one teaspoon of this mixture and mix it with the. t&/hich cup contains more of its original cont@nts
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A:

Oh.., it is necessary to calculate percentageigtioef it out. But | have feeling that this problewuld be solved
based on a common sense having not calculatediagyth

T:

Yes, this problem can be considered as a pure prabitem. Requires some knowledge of elementary ,nmath
more. Good training and not that hard. But you raght, someone may guess the answer at once. Anyway
totally two stars.

18.Two cans’

S:

How to measure 4 gallons if you have two cansrd@&gallons?

A:

Supposedly you have no more cans but on the otrat, lyou have water as much as you want. But thiglem
is where can you pour it in? But instead you mayrpioout to any place.

T:
Not a difficult but funny problem. One star.

19. Problem of sons

S

S:

Two old friends John and Joe met at a party.

“Hi, Joe, How have you been?”

“Hi, John, Glad to see you, How are you?”

“I am fine, thank you. You know | have three sons.”

“Great! How old are they?”

“Well, if you multiply their ages you get 36"

“Let me think... No, | cannot find out their ag&%u should give me more information.”
“O’key. The sum of their ages equals to the nundbgreople in this room.”
“This is a bit better but still not enough.”

“Well, what if | tell you that my oldest son halm eyes.”

“Oh, now I can figure out their ages easily.”

Can you?

A:

Hm...his situation is easier because he knows howymaople are in the room. It looks hard for meital fan
answer.
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T:

This problem is not too hard. Actually, the statatneontains enough information to find out the agee
ahead! And get your 2 stars!

20. Problem of doors”™

S:

A very long hallway has 1000 doors numbered 1 @01@ll doors are initially closed. One by one, A@@&ople
go down the hall: the first person opens each dibersecond person closes all doors with even nisnbee
third person closes door 3, opens door 6, closes @oopens door 12, etc. That is, thth persorchangesall
doors whose numbers are divisiblerby After all 1000 people have gone down the hallicly doors are open
and which are closed?

A:

Theoretically we can keep counting the state ohefmor, but how much time does it take! Wow! Biialve an
idea. | would rather write a program for my computéie algorithm is pretty clear.

T:
You should better think about the problem. It i$ hard and can be resolved theoretically in a femutes. |
would give it 2 stars.

21.Creeping turtles”

S:
Four turtles are located each at a vertex of arsquisside length 1m. Turtles start
moving simultaneously with constant speed 1m pex. iineir initial velocities are
directed along the sides of the square counteralisek At any other moment of
time each turtle moves strictly along the line tbahnect it with the neighboring
turtle. Find the time when all four turtles meet.

A:

Hm...the time depends on the path each turtle pdssfede they met. It seems to be some kind of aksgut
how one can calculate its length? Shall | applyttige level of math to resolve this problem?

T:
You may, of course. However, there exist a simpierot evident solution that does not require sgauiath
skills. So you better use your mother wit! And yeill deserve 4 stars.

22.Defective coin”

S:

Among 1000 coins one is defective: it has two he@uge chooses a coin (a good or bad one) and taskes
times. It turns out that the head comes out altih@s. What is the probability that the head comgisagain
when the coin is tossed one more time?
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A:

| need to know whether we can treat all tossesi@dspendent. Otherwise it is very difficult (at e me) to
find a probability of all these events.

T:

OK, consider all these tosses to be independentvfyou can find the solution — you deserve 3sstar

*k

23.What is bigger?”

S:

Which of the numbers is biggeﬁfT or T 2

A:

Sounds niczeen, Tle ... It must be a trick to figure it out what is bigge
T:

May be but | am not familiar with it. At this poinbu definitely need to use at least one idea badbfrom
higher math. Yes, yes, it is necessary to refresin gnath knowledge sometimes. Not easy - 5 stars.

1.5. Physics problems

24.3 Lights = = -

S:

You are in the first room of a two-room apartmdittere are three individual switches each conndotedamp,
which are located in the second room. The roomseparated by a door that is closed, so you case®the
lamps. You are allowed to turn each switch on afidcand enter the second room only once. Descrilee th
procedure that allows you to determine wish swisctonnected to which lamp.

A:

Thus you may play with the switches in the firabmoas long as you want. Finally, your enter theeotbom to
look at the lamps. The certain switches could beet on, the others — turned off, and correspomgisgme
lamps could have light and the others could nothWio lamps and two switches everything would beasy!
But what to do with the third one?

T:

This problem requires a non-standard approach aueca of common sense to be solved. 2 stars.
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25. Train on the bridge”

S:
A train passes over a bridge of 450 m in lengtihiwit5 seconds and passes past a telegraph-pbst Wi
seconds. What is the length of the train and itscity?

A:
| think it is important to take into account thefelience between the bridge and the post. | knolet af

differences that however are absolutely uselessdtving this problem. | guess the only useful deatis that
they have a different length.

T:
It is a pure math problem, not hard, but not saatias you can imagine. But nevertheless onhat. st

26.Communicating vessels on a balance™

S:
Communicating vessels with water fixed attached balance. You put a pound of cork in one vessitlban
pound of lead in the other vessel. What does ipeapvith the balance?

A

It reminds me a physics class at school. Somethikgg each body being
submerge in a water looses the weight equal taviight of water having the
volume displaced by the body...But | exactly remenib@w surprised | was
having got this problem at my university exam olygits. Indeed, all people
know that communicating vessels always have thaldeuel of liquid. And
the weights of the cork and lead are also equdl.l Balt that there is a certain
trick...

T:

Yes, you are right. The Archimed law is applicatiethis problem but not only this. Again add a piax
common sense and your physics intuition. | beligng problem deserves 3 stars.

27 Bird and cars’

Two bikers start toward each other having an ihdiatance 150 miles between them. At this momelittla
bird also starts to fly from one of these bikette other having a speed 15 mph while the bikeve haspeed 12
and 13 mph respectively. Therefore it reaches ¢gersl biker in a certain point of his way, immeelaturns
back and flies toward the first biker etc until thikers meet. How many miles does this bird pdkthé bikers
meet?
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A:

Why did you place this problem among the physiossoifo me it is a pure mathematical problem. Qdstai
mechanics says to us that the distance is a praddiche and velocity. But if so, further | considée distance
covered by the bird before meeting the second piken...

T:

Stop, stop, easier! Wait a minute! Not all the peais require a direct calculation. You may spethat af time
doing in such a formal way and make a mistake enwthy. Therefore, calm down and think a bit morgisT
problem can be easy solved. 1 star.

1.6. Programming problems

28.Memory economy’

S:

You have two integers A and B. You need to exchahgen without having used any additional memory.
other words you need to store the value of B inntleenory first occupied by A and respectively in themory
first occupied by B the value of A should be stored

A:

Usually to exchange two objects, two integers iB ffarticular case, we use some intermediate deppst
buffer. Suppose A is stored in a part of memoryhllevB — in a part 2. We put the value of A inte thuffer,
then copy the value of B to 1 and finally copy treue of A from the buffer to 2. So we exchangeséhewvo
integers by places. The idea of the problem isytbathave no any buffer. May be we can use asufferlsome
cells of memory just in the part 1 or 2?

T:

May be but only in some particular case. Genesally can not. But you can do it using a very unugiek. Try
to guess it! This idea deserves to get two stars.

29. Linked lists™”

S:
Given a linked list. Provide an efficient algorittainecking whether this linked list has a cycle.
A:

First of all what is a linked list? As | remembeisi a set of structures of the same type. Amohgrotlements
each structure contains a pointer to the nexttstrecThe last structure in the list contains thafer referred to
null. Linked list has a cycle when there is a dtite with the pointer referred to any of the presistructures.
Linked list does not have a cycle if there is actire with the pointer referred to null.

T:

You explained it right. Now all you need is to fitids algorithm. And to deserve 3 stars.
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30. Binary representation”

S:
Given a certain large positive number. You neegriiat its binary representation.
A:

Hm...it seems first we need to transform this nuntbehe binary form and then try to print these bjrdigits
as characters. But what about if the original numibevery large. It could take a lot of time to reathis
transformation.

T:

Actually, this problem can be solved more elegdmy. to write a code and keep it as your own stathdar
function. It could be of use for many applications.

31.Arrays

S:

Given array of integenrg[1]....x[m+n] considered as a concatenation of two its parésb#ginning[1]....x[m]

of the lengthm and the end[m+1]...x[m+n} of the lengtm. Exchange the beginning and the end not using any
additional memory.

A:

It sounds very similar to the problem of memoryremoy. What about to use the same approach to suilve
problem as well?

T:

It is not a bad idea. But, please bear in mind éhaiece of the array is not a single integer asg in the above
mentioned problem. So this problem is more complekrespectively | assign 3 stars to it.
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sSolutfions

3.1. Common sense

Surprisingly this problem has a rather simple sotuhowever finding it is not so simple. The keyintds that
an ordinary locker locks all steel boxes used talseparcel. Therefore, one can put MORE THAN Obigkér
on the same box loop! Now the solution becomes .clHze first man sends a locked box with a brilliamside
to his friend to another city. This friend receiwbis box, PUT HIS OWN LOCKER just at the same |com
send this box locked with TWO lockers back. Themnfitst man receives this box and takes his owkdpoff.
But the box is still closed therefore he surely sand it back again to the second man. Finallyrttds receives
the box and takes the locker off because it iSOMEN locker and he has a key for it. So the boxpiened and
he gets his brilliant.

1. How to send brilliant****

2. Two robs**

If a rope being set on the fire from one side catgly burns down within an hour, it completely taidown
within half an hour being set on the fire simultangly from both sides. It is always true even when rope
burn non-uniformly. Certainly in such a case twongwoes of flame meet each other in a certain paihbbthe
center of the rope. So we can measure 30 minutes. We need to know how to measure 15 minutes more.
Based on the initial idea of setting a rope onfifgesimultaneously from both sides we could sdhve problem
having another rope that burns down within 30 masutFortunately, it is possible to realize botrsthaeas
with given two ropes in use. Thus, we are doinfpisws. First we set the first rope on the firerfr both sides
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and simultaneously set the OTHER ROPE on the fisenfONE side. When the first rope completely burns
down (remember it happens exactly in 30 minutesketehe OTHER SIDE OF THE SECOND ROPE on the
fire. As this rope has been already burned witlim8nutes, it needs 30 minutes more in order to lmawn.
Therefore the rest unburned part of this rope a#b burn 30 minutes. But at the moment we sebther side

of the rope on the fire. So by analogy the tongidme will meet each other in 15 minutes. Taotalltakes 30
minutes (the first rope) + 15 minutes (the rest pathe second rope) = 45 minutes.

3. Alphabetical series’

This serieO TTFFSSEN....... is the first letter of numbers 1, 2, 3, 4, ..vie read them in English, i.e.
One, Two, Three, Four. Accordingly, the next lettas to be T (Ten).

4. Numerical series’

In this triangle
1

11

21
1211
11221
312211

read the numbers in the following way: one 1 (makBstwo 1's (makes 21), one 2 one 1 (makes 121 ,so.
Accordingly, the next row i$112221 ~

P

5. Problem of crossing’

Two people come to the riverside and see an engat But it may transfer only one guy. So ho'w

they both can cross the river? They can if theyeoothe DIFFERENT sides of this riverl. Sinc®

it was not stated in this problem to which sidehef river those two people have come let consid »*

them having come to the different sides! Thus drteem takes the boat (the one on which side tﬁfﬁ;
boat originally was) and crosses the river. Ondtieer side of the river he passes the boat to the '
second person and he/she cross the river in the samy. So the solution is just funny and needs

only a non-standard mind to be found.

3.2. Logic problems

6. Town of liars™

Analyzing the problem we see that it is necessafint a right direction while the comer says o¥ks and No.
Therefore you must point to a certain road in ypuestion. Possible replies depend upon whom daneet — a
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liar or not. But in order to solve a problem thetbshould provide the same answer. Otherwiseilihjmssible
to figure out where which city is. Suppose we préfie following scheme of replies presented belewa éable

Town you are pointed td You meet
Truthful man Liar
Of truthful people Yes Yes
Of liars No No

So you have to ask a question that could be ansvameording to this table. What should be the dolesin
which both the liar and truthful person give thensaanswer? This question probably has to touch tipen
person you are talking with. For instance, it cooddthe following question. You point to the towmdaask the
comer: “Do you live in this town?”. Indeed, if & the liar's town the liar will say “NO” and theuthful man
will say “NO” as well. But if it is a town of trufil people its citizen will answered your questiMES” while
a liar will say “YES” also because he lies. Thieply “NO” means that you pointed to the liar's towhile
reply “YES” means that this one is the town of h&ingeople.

7. Four sages”

Every sage saw that the old man has totally 5 edple only one of them is white. In
addition every sage sees that all other 3 sagewame by a black cap. Accordingly,
each sage can imagine that equiprobably he haar ditack or white cap on his head.

But the cleverest sage thought further: “SuppoaeIworn by a white cap”. It means

that all other sages see it. But as the white saique they would immediately realized

that they are worn by BLACK caps. But they KEEP BENCE! It means that | have a‘
BLACK cap either!”.

8. Five sages”

Every sage saw that the old man has totally 7 vdgile 2 of them are white. Also every sage seesahather

4 sages are worn by a black cap. Accordingly, eagfe can imagine that his own cap might be eitlaaklor

white because the rest 3 caps (7caps — 4 sagecapth on the head) are: 2 white and 1 black. Agan
cleverest sage could treat the situation as folld@sppose | have a white cap. Then all other sages3 black
and one white (mine) caps. As there exist the otfiete and black caps each of these sages do ot tahat

cap he is worn. But let one of them (sage 2) suppiogt he has the white cap. So he could conchatenthite

caps cover him and me while the other sages s€bdtefore, they would manage to surmise that #meyworn

with black caps but they did not. Therefore, sagerdsiders himself to be worn with a black cap. Baitcould
say about it while he is quiet. That is why | fadélving supposed that | have the white cap anchswé the black
one!”

9. Lost dollar”

The final question is stated so that it makes ghizblem knotty
while it is solved quite easy. Three men paid $2a0d this money
has been distributed between the waitress ($25 & @dtial
payment) - $5 (change)) and the boy ($2). That! i$his problem
requires certain common sense to realize that $2 mat be added
to the original $27 but instead should be subtdicte

10. Honest people™
There are 8 honest people in the room.
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Indeed, suppose there &bonest people in the room. In such a case thegfingtis a liar because he convinces
us that there are no honest people at all. Simiktiguys who assert that there are no more thah 3..k-1
honest people in the room are liars. THufirst people lie and therefore the rd$i-k tell truth. On the other
hand we assumed from the very beginning that theke honest people in the room. So we arrive to thedgu

k = 16 —kfrom what one easy obtal= 8.

1 Town of unfaithful wives™

It turns out that this problem is similar to theolplem on sages and black and white caps. By anaogyose
that there is the only adulteress in the city. Then husband immediately will know about it becai)ske
knows everything about all the other wives so hewkithat they are faithful, and ii) he knows frdme pilgrim
that there are adulteresses in the town. That yssebn he brings his wife to the court

Now let us assume that there are exactly 2 unfdithives in the town and number them as 1 and 2faAss
every husband has an information about all theratinees except his own one, the husband of wom&nolvs
that women 2 is unfaithful while he does not knawthing about his wife and similarly the husbandvoeiman
2 knows that women 1 is unfaithful. But for instanthe husband of woman 1 could think in the foitamywvay.
“Suppose my wife is faithful. Therefore there ig thnly adulteress in the town. But according togrevious
consideration her husband would guess it immedgiatedl bring her to the court. But he did not ds thhile the
first day was over! It means he is not able to mheitee whether his wife is faithful or not. Why? Agqently,
because he is aware of at least one more adult®essknow exactly everything about all womertlie town
except only my wife and | know that only woman 2iigaithful. Thus, another unfaithful woman is mijed’

What is important that he could make this conclusialy on the second day after the pilgrim camthéotown
because the first day he is waiting for the agtioithusband 2 (remember that husband 1 knowsatbiatan 2 is
unfaithful). Thus, he brings his wife to the coantthe second day. As husband 2 argues in a siwélghe also
brings his wife to the court same day.

Further, by analogy if there existadulteresses in the town their husband knows aheut-1 ones while all the
other husbands are aware ofraidulteresses. If within-1 days nobody brings his wife to the court so farrth

th day alln husbands brings their unfaithful wives to the colitius, revealing of all adulteresses requires as
many days as the number of adulteresses.

For readers with a mathematical background note ttiia conclusion can be proved using the method of
induction.

3.3. Search of strategy

12.Herrings in a barrel”

>l o0 ol
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First, as we have to put both hands to the batrehee we may do it in two ways, hamely as it isspnted in
the pictures. Here a black circle denotes a holetich we put a hand while a white hole is freeu§hour
hands can be put either diagonally or horizontédly vertically that is the same). As the barretatated no
matter which diagonal or which horizontal or veatitine is actually chosen.

Then it is easy to get 3 herrings oriented in #aes direction. Indeed, first we might, for instanmet the hands
to the diagonal holes, take the herrings and sahttsay “face up”. After rotating the barrel we pigtv our

hands to the horizontal holes. Surely one of thiked contains a herring set “face up” because reftiee first

hole or the second one belong to the diagonal wiveralready set herrings “face up”. Therefore wey IBet

these two “horizontal” herrings “face up” again ahds at least 3 herrings are already set “face Bpt it may

happen that after next rotations you never chdeséble with the last herring oriented “face dowBa what

should be the right strategy in this case?

Remember we have a situation where 3 herringsragated “face up”. Suppose that after the next kHafter
the next rotation) we have found 2 herrings “fape(@ and 2, see a picture below). Otherwise, éf learing are
oriented in opposite directions, say “face up” dfate down” we simple turn the herring with “facevah”
downside-up and the barrel will be opened!

© X

Step 2

If we turn them both over we arrive to the previgitgation with the only difference that now 3 liregs are
situated “face down” that certainly make no seigerefore we turn one of them over in order tatséace
down”. It means that we arrive to the following tpie

XX
© ©

Step 3
Now after the next rotation we have to check taZumrtal holes! It is obvious that if these takemrimgs are
oriented in the same direction we simply turn theath over and the barrel will be opened. Otherwidbey
are differently oriented we turn EACH of them otleat yields

& ®
© X

Step 4
The last step after the next rotation is to putithed in diagonal holes and turn both herrings bAftker that the
barrel will be opened. Counting all the steps gitressolution of the problem, namely: following thescribed
strategy the barrel could be opened maximum atfsst

N
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13.Dices”

"
o./

Solving of the problem requires a reader to havaesmitial knowledge of the probability theory. Wave

already mentioned that in case of two possiblengite your strategy is quite obvious, namely: it lglobe

reasonable to roll the dices again if the probgbdf getting more points after the second atteimphore than
0.5. Thus, if you get 1 at the first attempt thelgability to get more (2,3,4,5 or 6) at the second is 5/6 > 1/2.
Accordingly, the probability to get more than 24i§, more than 3 — %, more than 4 — 2/6 etc. Tiiysu get

4.5 or 6 after the first roll — take your moneyh@wise (1,2 or 3) it is reasonable to roll theechgain.

A similar scheme has to work in case of 3 atterapta/ell. We should roll the dice again after thmstfattempt if
the probability to obtain more points within thexheawvo attempts is more than 1/2. Thus, if 6 comiethe first
roll you surely have to take money. If it is 5, fh@bability to get 6 within the next two attempgsl/6 +1/6 =
1/3 < 1/2. It means this is the case you have tstake money. If you get 4 after the first attentpie
probability to get 5 or 6 within the next two atetsiis 4(1/6) = 2/3 > 1/2. Thus, it is reasonabledll the dice
again. The same is true for 1,2 or 3 coming afterfirst roll.

14. Choice of balls”™

At first sight the arisen quiz sounds strange bseawou have to choose one of the boxes anywayleBuis
compare your chances. Suppose you follow yourinithoice. The probability of getting a white hallthis box
is 1/3. But what is the probability to find the weanball in another box that has not been openetgr Abu made
a choice and marked a box where you expect totfiadvhite ball the probability to find the whitelbia 2 left

boxes is 2/3. But then you may see that there ihaavhite ball in the opened box. It means thatgiobability
2/3 is now related to the third box. It is twice mdhan the probability to find the white ball irst box, thus it
is reasonable to change your initial choice andhdpe third box.

For disbelievers: consider the situation wheredhame 100 boxes instead of 3. After you have chasen
someone opens 98 of the remaining 99 boxes thabtloontain the white ball. Should you change yahoice
with the last remaining box? Surely yes, becauseptbbability is very large (99/100), i.e. 99 timmasre than
for the first box!

3.4. Mathematical problems

15.

Purchase of a book’

Suppose the book coXtdollars. So Kathy haX-2 dollars while Susan X-3. After they joined their money
together they haveX-5dollars but it is still not enough, i.e.

2X-5<X
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or X < 5. On the other hand Kathy had some money as w&laan, i.e. each girl had more than zero. It gield
two additional inequalities
X-2>0
X-3>0
Analyzing all these inequalities we arrive to tbédwing one
3<X<5
Thus, the cost of the book is 4 dollars while Katlyl only 2 dollars and Susan had 1 dollar.

Another solution If Kathy is short of only 2 dollars for buyingbmok and if the joint money is also not enough
to purchase it, Susan can not have more than ardolo she has one. But since she is short ofl@siahe
book costs $4.

16. Scattering of stones

According to the statement of the problem some ggalisappear with time while other new groups appese
only possibility to end the process up is to artiva certain steady distribution of stones sueh dffter any next
rearrangement of the stones all the groups woukkbe It does not mean that each group does rastgehwith
time because as we know we permanently have todakestone from every group and collect them within
new one. But it means that after the end of thip site number of groups with one stone, two stetesemains
constant.

When rearranging each step one decreases the nofrgienes within a certain group by one untilatrpletely
disappears. Let us consider a steady state. Afeenéxt rearrangement group 1 that contains exactlipne
disappears. But we consider the steady state trergfstead of this group another one should bdymed that
again contains exactly one stone. Such a groupbeaoroduced only from a group 2 that contains dyatt
stones. Thus at least one group 2 must be presirntieel steady state. But it means that at leastgpoup 3 that
contains exactly 3 stones must be presented istdaely state, otherwise we have no chance to gep@ after
the next rearrangement. Consequently we discoatrgttoups 4, 5, 6 etc must be presented in thel\sttate.
So where do we have to stop? A simple analysis shioat the last group must be graufithat contains exactly
n-1 stones. Indeed, if we have one group 1, one geoupone groum-1so after one stone is taken from every
group, group 1 disappears, group 2 becomes grogimdp 3 becomes group 2 ... growyd becomes group-2.
At the same time all taken stones, namely 1 froougrl, 1 from group 2....1 from groupl produce new
groupn-1! Thus, we returned to the previous configuratior thaans this is indeed steady state.

The last verification implies that we have to cotiv@ total number of stones within all groupssleasy to see
that the numbers of stones over all groups formadthmetic progression. As known from elementary
mathematics the sum of all its numbersif{a-1)/2that just coincides with the total initial number stones.
Therefore, we proved that our solution is consistéth the statement of the problem.

17. Problem of mixting™

Suppose each cup contains a unity (conditionalligpfid while each teaspoon contains x portion guid.
Certainly, x < 1. After one teaspoon of tea is takem the first cup, it contains 1 - x tea meaduire the
conditional units. When you mixed tea from thisstezon with coffee the second cup will contain D1dnits
of coffee and x/(1+x) units of tea. Then you takeaspoon from the second cup. This teaspoon CETt&(L+Xx)
units of coffee and %1+x) units of tea. Accordingly, the second cupvneontains 1/(1+x) — x/(1+x) = (1-
X)/(1+x) units of coffee. After you added the caontef the teaspoon to the first cup it will contdin- x +

x?/(1+x) units of tea. It easy to check that

NG 1  1-X
= >

1+x  1+x  1+X
Thus, tea in the first cup will be more than coffie¢he second cup.

1-x+
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18.Two cans’

It is clear that to solve this problem one hasadoycout a few pourings from one cup to the othee.d~or

instance, it could be as follows.

e Put 5 gallons of water into the 5-gallons’ cup;

* Pour 3 gallons from this cup to the other one. Thuthe first cup 2 gallons of water left;

e From the 3-gallons’ cup pour all the water out amstead pour into it all water (2 gallons) from the
gallons’ cup.

e Again fill the 5-gallons’ cup full of water;

e Pour water from the 5-gallons’ cup into the 3-gadfocup until the last one is full. As this cupealdy
contained 2 gallons actually we poured exactlylibgdrom the 5-gallons’ cup;

* Respectively, in the 5-gallons’ cup now we havelb=4gallons.

Sty |

Here are all possible variants how to present 3 @®duct of three factors

19. Problem of sons”

. 1, 1, 36 . 1, 6, 6
e 1,2,18 e 2,2,9
e 1,312 e 2,3,6
e 1,4,9 « 3,3,4

Certainly, as there exist 8 possible combinatimtsbeing aware of only the product of sons’ ag&6 — can
not determine their ages. On the other hand he &rmw many guests are at the party. Therefore if tsgill
not able to figure out the ages of Joe’s sonsethkould be two combinations that have the same Fhay are:
1, 6, 6 and 2, 2, 9. But when Joe mentions hissblden, that rules out the possibility of 1, 6,dnbination
because it does not contain the only oldest sous,Tthe solution is 2, 2 and 9 years.

20. Problem of doors™

Obviously, the status of each door is changed so/rimes how many divisors the number of the das. firor
instance, all prime numbers are divided only bytyuand itself. Therefore, for a door with the primemberk
the first person opens the door while kkh person closes it. By analogy, only those dedlisbe opened which
number has the odd amount of divisors.

Let us analyze the situation. Each nunibblas at least a pair of divisors — unity and itsgifppose, in addition
this number has another divider, sayrhen it could be represented as a pro#tuetn*l wherel is a quotient of
dividing k by n. However, it means thadtis also divided by. Thus, for each additional divisor &fthere is a
paired divisor such that the product of these didgivesk. In turn it means that the number of all divisors ha
to be even.

Is there any exception. Yes, it is. If numlids a square of the certain numheso again it could be represented
as a produck = I*I, but in this case we have only one divisor, bec#iuseuotient equals the divisor! Thus, the
only situation may happen that some nunibkas the odd number of divisors when this numbisra square.
Accordingly, all doors with numbers 1, 4, 9, 16,.2%ill be opened while all the others will be cldse



28

21.Creeping turtles

Apparently, the simplest way to solve this problsrto consider the movement of all
turtles being in the coordinate system rigidly cected with one of the turtles, for
instance with turtle 1. In this system turtle 1 slomt move while according to thé
statement of the problem at any moment of timeleu?t goes exactly along the
shortest way between it and turtle 1. It means tiespite in the new coordinate
system the surface of the land performs a very texnmovement, the shortest way
between these 2 turtles is a straight line. It #xawincides with a side of the initial

square where all turtles have been located anitialimoment of time. As the length

of this line does not depend on the coordinateegsysthosen, it is 1 m while the
velocity of the turtle is 1m/min. Therefore, tuglé and 2 will meet in 1 min. But this
time does not depend on in what coordinate systernomsider this movement!

In view of symmetry of the problem (we could arhitty choose any turtle) in the
original coordinate system connected with the lalhdurtles will meet in 1 min in
the center of the square. The path of each of tlkeemcomplex curve (like a spiral)
but it length is exactly 1 m.

22.Defective coin

The probability to choose a defective coin amon@016oins is 1/1000. The probability that the defectoin
comes out by the head is 1. Thus, the probabititygét the head successively coming out 10 times is
0.001*1*1...*1 = 0.001.

The probability to choose a normal coin among 160iBs is 999/1000. The probability that the normaih
comes out by its head is %. If we assume all tassbs independent, the probability to get the rmamtessively
coming 10 times is 0,999*(1/2)*(1/2)...*(1/2) = 0.92¢ = 0.001*(999/%°).

Thus, the probability that we tossed the defeativie isa = 2'%999 times more than the probability that it was a
normal coin. In other words, this coin is defectiwih probability py = a/(1+a) while it is normal with
probabilityp, = 1/(1+a). As the probability to get the defective coin by dldeup” is 1 and the probability to get
a normal one by “head up” is ¥ the final probapitihat the coin comes out by its head ipg* ¥2*p, =
3047/4046= 0.75.

23.What is bigger?
Let us presenn 7Tas

praofo(24]

As JTis a bit more tha®, the ratio 77/€ is a bit more than 1, therefofie< — < 1. Further we use an inequality
€

In(1+ x) < x

at 0 <x < 1 (see the plot below).
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Those who is familiar with mathematical analysis easily
prove this inequality expanding* einto the series - 1
2 3 CERE

X X
e =1+ X+ thereforee’ > 1+ x or In(1+ x) < x). oof
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and finally 77° < e”.

3.5. Physics problems

24.3 Lights**** -~ > >

Obviously there is no sense to turn on all 3 sveictBut if we turn on 2 of them we will only managdind out

that the switch off duty corresponds to the lamp afulight. The same is true if we turn on only oswitch

because this switch will corresponds to the lampherlight. Therefore, it seems the problem canbeosolved.
However, it can. The idea is that nobody said weaimight only look at the lights. Indeed, for imsta we can
touch them. The matter is that if this lamp wadlmnlight for a long time but then was turned d@utontinues
to be HOT for a certain time in contrast to the patimat has not been on the light at all! From hveeeget the
following solution. First you have to turn on onktloe switches (say switch 1) and wait for a certane (say
few minutes). Then you have to turn this switchaftl turn on another one (switch 2). After that goter the
room and see what lamp is on the light. It is clémat it corresponds to switch 2. Then you touch ather
lamps. Which of them is warm that corresponds tibckwd while the last one — to the residual switch.

25.Train on the bridge™

15 seconds the train moves past a telegraph-paosedns that same 15 second it needs to drive teaviridge.
Thus, the interval of time from the moment whenttiagn comes into the bridge till the moment whiestarts to
ride out the bridge is 30 seconds. So within 3@sds the train passed over 450 meters whereaslisity is
900 meters per minute or 32.7 mph. The train pabsegath equal to its length during 15 secondsrdtore, its
length is 900*1/4 = 225 meters.
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26.Communicating vessels™

The change of balance (if ever) could be assettiahly with the different behavior of
two substances put into the vessels. The corksmiiim in the water while lead will go to the bottoAs the
vessels are communicating the level of water i haissels is the same at any time. Thus, we magtdés
situation as shown in the picture.

cork

Water

water lead

~_

According to the Archimedean law the weight of twk is equal to the weight of water that would e
volume 2 in the picture (in the picture the corlnsists of two parts: 1 — the above water part, 2andthe
underwater part). It means that we could removectk and instead put the water in the volume 2eAthat
we have two same vessels with the same level adfrw@ihe only difference is that the right vesser¢his lead
while in the left vessel the same volume at the FARLACE is occupied by water. As lead is heaviemth
water the balance will bend to the right.

27.

Bird and cars’

Because to find this distance directly by countimglength of all flies is too cumbersome the idéthe
solution is to determine a time necessary for lsikermeet each other. It is easy to see that thesoach each
other with the total velocity 25 mph therefore théll meet in 6 hours. All this time the bird is/hg with a
speed 15 mph. Thus within this time it will covediatance of 90 miles.

Programming problems

28.Memory economy’

The first solution is appropriate for any programgnianguage. You perform three operations:
A=A+B
B=A-B
A=A-B
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Indeed, after the first operation A = A By where we denotedfand B the original values of A and B. After
the second operation one has B = A — B #+ABy — By = Ao, i.e. B took the initial value of A. The third
operation yields A = A — B = &+ By— Ao = By,

Another solution could be used in C with the hdlthe operation * (XOR).
A"=B
Br=A
A~=B
Indeed,
A"=B = A" By,
BA=A=A"B=(A"By"Bo=Ac" (Bo"Bo) = A" 0=Ag
AM=B=A"B=(A"By)"Ao= (A" Ag)"By=0"B =By,
You may also choose two arbitrary integers andghstk that it is true.

29. Linked lists™

This problem can be solved in many different waj® describe some of them. Certainly the reademcass
some new efficient algorithms unknown to the awthtirso we would appreciate him/her for gettingarsiliar
with.

Let us remind again that linked list is a set oficiures of the same type. Among other elements s@aacture
contains a pointer to the next structure. Thedasicture in the list contains the pointer referi@dull. Linked
list has a cycle when there is a structure withpgbimter referred to any of the previous structutésked list
does not have a cycle if there is a structure tiighpointer referred to null (see the Figures bglow

— NULL,

\ 4
A 4
\ 4
\ 4
\ 4

Fig.A No cycle

“ |

Fig.B Cycle

A 4

A 4
A 4
\ 4
A 4

The first idea how to check whether the linkedtias a cycle or not is to mark structures wherdawe already
been. For instance, let us consider linked listrefeach structure has the following form

typedef structure elenent {
i nt inform
structure el ement *next;
} data;
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Here the initial value of “inform” is zero for aditructures. When coming to each structure firstciveck the
value of “inform”. If it is zero it means we havetrbeen here. Thus, to mark this structure we ahdimjorm”
for instance, to be equal to 1. If we come to thacture with “inform” already equal to 1 it meathe linked list
has a cycle. Certainly, one can imagine many diffeways how to mark the structure.

This algorithm can be schematically presented lksifs:

el ement *p = <the beginning of the list>
while (p->next) {
if (p->inform== 1) break;
p->inform= 1;
p = p->next;

i f(p->next == NULL) <no cycl e>;
el se <there is a cycle>;

What is reasonable to do if there is no opportuttitynark each structure? Another idea is to revimfserrow
(see Fig. A) while we passed the structure. Itlsamione using 3 pointers and one additional passggever
that part of the linked list we have already pasgexit is easy to see if the linked list has thele this algoritm
returns us to the first (initial) structure. Thdieme is the following.

el ement *q,*p,*k = <the beginning of the list>
if (!(p=k->next)) <the list consists of one element>; exit(1l);

a=p;
while (p !'= <the beginning of the list> && p->next) {
g = p->next;
p- >next = k;
k = p;
p=4q

if(p == <the beginning of the list>) <cycle>;
A disadvantage of this algorithm is that we chatingestructure of the list.

Let us describe one more algorithm that seems teebgefficient. Instead of one pointer in eaclustre we
will consider two pointers. The first one is a Usp@inter that points to the next structure in lise The other
one is a pointer that runs twice faster. It me&aswhen we are in tHeth structure this second pointer points to
the 2k-th structure. The idea is that if the list containsyale, it must happen that the second pointer akegt
the first one. Indeed, the existence of the cyaams that beginning from a certain time both posméll come
inside the cycle. Under their movement over thdectfte distance between the “slow” pointer and‘fast” one
after each step will decrease by one element bedhes'fast” pointer “jumps” for two elements whae'slow”
pointer — only for one. As the number of elementthi cycle is countable so the fast pointer okegdhe slow
one at some time. Therefore, if the value of thegepointers becomes equal at some step it meanshth list
contains the cycle. A scheme of this algorithmsi$adlows.

el ement *p = <the beginning of the list>
if (!(p->next)) <the list consists of one element>; exit(1);

g=p- >nhext;
while( (g->next !'= NULL) && (p '=q)) {
= (- >next;
i f(!'(g->next)) break;
g = g->next;
p = p->next;



34

i f(g->next) <no cycl e>;
el se <cycl e>;

30. Binary representation”

For instance, it could be the following C code

#i ncl ude<st di 0. h>
#i ncl ude<stdl i b. h>
#i ncl ude<stri ng. h>
#i ncl ude<nmat h. h>

/* Function which returns a pointer to string with a binary
representation of the given integer */

char *bytepr(int);
voi d mai n()

i nt nunber;
char *buf =NULL;

put s("Enter sonme nunber");

AGAI N:

scanf (" %", &unber) ;

i f(number < 0) {
printf("You entered a negative integer, try again\n");
goto AGAIN;

}

el se {
buf = bytepr (nunber);
printf("\ninitial nunmber = %\t binary = % \n", nunber, buf);
free(buf);

}
}

char *bytepr(int num
{
i nt nhex, remnd;

/* This is a pointer to string where we store a binary representation
of the given integer num

*/
char *bin;

/* Binary representation of hexadeci mal nunbers
*/
char *hex[] = {
n OOOOII , n Ooolll , n Oololl , n Oollll ,
n 0100" , n 0101" , n 0110" , n 0111" ,
n loooll , " 1001" , n lololl , n lollll ,
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"1100","1101","1110", "1111"};

if(!nun) return(hex[0]);

/* Count of how many hexadeci mal nunbers consists our integer num
*/

for (nhex=0, rem nd=num rem nd; nhex++) renmind /= 16;
/* allocate nenory for the resulting string and fill it by zero
*/
if ((bin = (char *)malloc(nhex*4*sizeof(char))) == NULL) {
printf("CQut of nmenory\n");
exit(-1);

menset (bi n, 0, nhex*4) ;

/* Cal cul ate hexadeci mal representation of numfromleft to right and
substitute each hexadecimal digit by its binary representation
*/
for(nhex=nhex-1; nhex; nhex--) {
rem nd=nuni pow 16, nhex) ;
st rcat (bi n, hex[ rem nd])
num - = rem nd*pow( 16, nhex) ;
}
strcat (bin, hex[ num);
return (bin);

Anot her versi on:

#i ncl ude<st di 0. h>
#i ncl ude<stdl i b. h>
#i ncl ude<stri ng. h>

void main()

{

int nunmber,k, remnd,i;

char *buf, a;

puts("\ nEnter sonme numnber");
AGAI N:

scanf (" %", &unber) ;
i f(nunmber < 0) {
printf("You entered a negative integer, try again\n");
got o AGAIN;
}
el se {
/* How nmuch space do we need to allocate for this binary?
* we cal cul ate the nunber of decinmal signs K and then determ ne
* the nunber of binary signs as L = (K+1)/1g 2 = (K+1)/0.3
* that approximately is 4(K+1)
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}

*/

for (k=0, rem nd=nunber; remnmnd; k++) remnd /= 10;

if ( (buf = (char *)mall oc(4*(k+1)*sizeof(char))) == NULL) {
printf("Qut of menory\n");

exit(-1);
}
nenset (buf, 0, 4*(k+1));
printf("\ninitial nunber = %\t binary = ", nunber);

/* find binary signs as a rem nder of sequental dividing our
number by 2, but we store themin a reverse order
*/

for(k=0; nunber; k++) {
*(buf +k) = nunber % 2;
nunber >>= 1;

}

/* reverse the string to get binary signs in a right order
*/

for(i=k; i; i--) printf("%l", *(buf+i-1));
free(buf);
}

31.Arrays ™
This problem has been formulated in the book ofGeelts solution consists of two parts.

First you have to guess how to rearrange elemdrttsecarray having not used any additional memdtiry.
means that if from the very beginning elementshif array wera[0], a[1]....a[n] after this transformation
they have to bea[n]....a[1], a[0]. But we already considered a similar problem in tjéz “Memory
economy”. Therefore, using that method first wehexme 1 and-th elements of the array, then 2 gnel
2)-th etc.

Now using this our knowledge how to rearrange thayaelements having not used any additional memory
we can exchange the beginning and the end of theatenated arrays in 3 steps, namely. First weduen

the beginning, then we turn over the end. Finaleytwwn over the whole array which consists nowhef t
inverted beginning and the inverted end. It is gasgheck that this procedure gives rise to thetsmi of

the problem.



