
Fig. S1: Study of the histogram of the distribution of values { };0 ;1 500i N i N N≤ ≤ ≤ ≤  
represented in Fig. 2. A. Logarithm of the posterior probability (LPP) of bin number N 
(as defined in ref. 36). The maximum is obtained for N = 1. B: Histogram of the 
distribution with 1, 10 and 100 bins. The distribution is uniform at this binning level. C: 
Histogram of the distribution with 1,000 bins: the discrete nature of the distribution (as 
represented in Fig. 2) starts to appear at such a binning resolution. 
 
Fig. S2: Simplified Jablonski diagram for a FRET pair. Each molecule is defined by a 
ground state S0, an excited state S1 and a triplet state T1, and the corresponding transition 
rates ke, kr, kISC and kph. In the absence of alternating excitation, only the donor molecule 
D is excited by a laser, with rate ke. Each molecule can bleach when it is in its excited 
state, with a rate kbl, and the donor can non-radiatively transfer its energy to the acceptor 
molecule with a rate kFRET. 
 
Fig. S3: Influence of dithering and averaging of the LPP on the optimal number of bin. 
A: the Log Posterior Probability (LPP) calculated on the original data (black curve) does 
not exhibit any maximum. Adding a small amount of noise (dithering) of amplitude 0.01 
to the data suffices to yield a LPP with a maximum, although the curve remains noisy 
(not shown). Averaging the LPP obtained for 10,000 different dithered data sets result in 
a smooth LPP curve (red curve) with a clearly defined maximum. B: Detail of the LPP 
curves around their maximum. Each curve was obtained as the average over R = 1 to 
10,000  LPP’s of randomly dithered data sets. The position of the maximum (M = 37) 
does not vary for R > 100. C-D: PRH for the original and one dithered data set, for M = 
100 (gray box histogram) and the optimal bin number M = 37 (black histogram). In both 
cases, the PRH build with the optimal bin number has lost its spikes and voids. In 
addition, the figure indicates that dithering results in a significant smoothing of the PRH 
constructed with 100 bins. E: An alternative way to define the maximum of the LPP 
(defined only for integer numbers, and still “noisy” even after significant averaging, see 
black curve) consists in fitting the LPP with a sum of exponentials (red curve: 4 
exponentials). The location of the maximum of this smooth curve (M = 33) remains close 
to that of the averaged LPP (M = 37) in all studied cases (see Fig. S4 & S5 for further 
examples). 
 
Fig. S4: Same as Fig. S3 for Sample 2 (PR ~ 0.7). 
 
Fig. S5: Same as Fig. S3 for the combination Sample 1 + 2. 
 
Fig. S6: Effect of the dithering amplitude on the optimal bin number. 3 cases are studied 
successively: Sample 1 (A-B: PR ~ 0.35), Sample 2 (C-D: PR ~ 0.7) and the combination 
of both (E-F: Sample 1 + 2). Without dithering, the Log Posterior Probability (LPP: gray 
curve in A, C, E) is very noisy and the definition of a maximum is impossible. While 
increasing the dithering amplitude, the averaged LPP over 1,000 trials becomes smoother 
and eventually exhibits a clear maximum. The value of M at this maximum (B, D, F) 
rapidly decreases when the dithering amplitude increases, to finally reach an asymptotic 
value. 
 



Fig. S7: Effect of dithering on the optimal bin number. A-I: The dithering amplitude 
applied to the original data set (A) was increased in 0.01 steps from 0.01 to 0.1. For each 
amplitude, one dithered data set is histogrammed with 100 bins (red curve), and the 
optimal number of bins for this dithering amplitude. As the dithering amplitude increases, 
the spikes and voids of the 100 bin histograms are progressively smoothed out. The 
optimally binned histograms are devoid of them in all cases. 
 
Fig. S8: Effect of dithering on the width of the optimally binned histogram. A: 
Superimposition of optimal histograms of the dithered data set on the original data set 
histogrammed with 100 bins (gray box histogram). The dithering amplitude was varied 
from 0.01 to 0.1, resulting in a slight widening of the histogram. B: Variation of the 
standard deviation (~ width) of the histograms as a function of dithering amplitude. 
 
Fig. S9: Comparison between M = 100 bin histograms and optimal binning histograms. 
A: Sample 1, B: Sample 2, C: Sample 1+2. The optimal bin number of the sum of both 
data sets is almost identical to the maximum of that of each separate data set as expected. 
The spikes and voids visible with M = 100 are eliminated, while the presence of two 
separate peaks is clearly visible in the combined data set. 
 
Fig. S10: Background count distributions. A: Joint distribution of sizes and durations of 
121,541 simulated bursts. B: Burst size distribution (BSD) without constraint on their 
duration (black histogram) and burst duration distribution (BDD) without constraint on 
their size (red histogram). These histograms show that the most representative bursts 
have duration of 1 to 2.5 ms and burst sizes between 50 and 100 counts. C: Comparison 
between the experimental distribution of background counts in bursts of size S and 
duration τ (gray box histograms) and best fit Poisson distributions (black histograms). 
The agreement is quite good between the two whenever the population of bursts is large 
enough, justifying the use of Poisson distributions in Eq. (36). Discrepancies existing for 
distributions with very few bursts would have a negligible effect on the final result due to 
their small weight in the sum of the right-hand-side of Eq. (36). 
 



0 250 500 750 1000
-2500

-2000

-1500

-1000

-500

0

 

 

Lo
g 

P
os

te
rio

r P
ro

ba
bi

lit
y

Bin Number

Distribution of Rational Numbers in [0, 1]:
Optimal Bin Number Probability

0.0 0.2 0.4 0.6 0.8 1.0
0.95

0.96

0.97

0.98

0.99

1.00

1.01

1.02

1.03

1.04

1.05

 

 

Pr
ob

ab
ili

ty

X

 1 bin
 10 bins
 100 bins

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.5

1.0

1.5

2.0

2.5

 1,000 bins

P
ro

ba
bi

lit
y

X

B C

A

Fig. S1



Fig. S2

S
1 D

k
r D

k

S
0 D

k
e D

k
IS

C
D

k
ph D k

bl D

S
0 A

S
1 A

T
1 D

FR
ET

k
r A k

IS
C

A

k
ph A

k
bl AT

1 A



0 25 50 75 100 125 150 175 200
-200

0

200

400

600

800

1000

1200

Lo
g 

Po
st

er
io

r P
ro

ba
bi

lit
y

Bin Number

 No Dithering
 Dithering = 0.01, Average = 104

Sample 1

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6

Sample 1, PR Histogram, No Dithering

P
ro

ba
bi

lit
y

Proximity Ratio

 M = 100
 M = 37

10 20 30 40 50 60 70 80 90 100
950

960

970

980

990

1000

1010

1020

1030

1040

1050

Sample 1, Dithering = 0.01, Detail

 

 

Lo
g 

P
os

te
rio

r P
ro

ba
bi

lit
y

Bin Number

 R = 1
 R = 10
 R = 100
 R = 1,000
 R = 10,000

Mmax = 37

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

 

 

P
ro

ba
bi

lit
y

Proximity Ratio

 M = 100
 M = 37

Sample 1, PR Histogram, Dithering = 0.01

A B

C D

E

0 10 20 30 40 50 60 70 80 90 100

960

970

980

990

1000

1010

1020

1030

1040

1050

 

 

Msmooth = 33

Lo
g 

Po
st

er
io

r P
ro

ba
bi

lit
y

Bin Number

 <LPP>100

 Sum 4 Exp M100 = 37

Fig. S3



0 25 50 75 100 125 150 175 200
-100

0

100

200

300

400

500

600
Lo

g 
P

os
te

rio
r P

ro
ba

bi
lit

y

Bin Number

 No Dithering
 Dithering = 0.01, Average = 104

Sample 2

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6

Sample 2, PR Histogram, No Dithering

Pr
ob

ab
ili

ty

Proximity Ratio

 M = 21
 M = 100

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6

P
ro

ba
bi

lit
y

Proximity Ratio

 M = 100
 M = 21

Sample 2, PR Histogram, Dithering = 0.01

0 10 20 30 40 50 60 70 80 90 100
500

510

520

530

540

Lo
g 

P
os

te
rio

r P
ro

ba
bi

lit
y

Bin Number

 R = 1
 R = 10
 R = 100
 R = 1,000
 R = 10,000

Sample 2, Dithering = 0.01, Detail

Mmax = 21

0 10 20 30 40 50 60 70 80 90 100
480

490

500

510

520

530

540

550

M100 = 21

Lo
g 

P
os

te
rio

r P
ro

ba
bi

lit
y

Bin Number

 <LPP>100

 Sum 4 Exp

Msmooth = 19

A B

C D

E

Fig. S4



0 25 50 75 100 125 150 175 200

-200

0

200

400

600

800

1000
Sample 1 + 2

Lo
g 

P
os

te
rio

r P
ro

ba
bi

lit
y

Bin Number

 No Dithering
 Dithering = 0.01

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

Sample 1 + 2, PR Histogram, No Dithering

P
ro

ba
bi

lit
y

Proximity Ratio

 M = 47
 M = 100

0.0 0.2 0.4 0.6 0.8 1.0

0

1

2

3
Pr

ob
ab

ili
ty

Proximity Ratio

 M = 47
 M = 100

Sample 1 + 2, PR Histogram, Dithering =0.01

0 25 50 75 100
575

600

625

650

675

Lo
g 

Po
st

er
io

r P
ro

ba
bi

lit
y

Bin Number

 R = 1
 R = 10
 R = 100
 R = 1,000
 R = 10,000

Sample 1 + 2, Dithering = 0.01, Detail

Mmax = 47

0 10 20 30 40 50 60 70 80 90 100

580

590

600

610

620

630

640

650

Msmooth = 40

Lo
g 

P
os

te
rio

r P
ro

ba
bi

lit
y

Bin Number

 <LPP>100

 Sum 4 Exp
M100 = 47

A B

C D

E

Fig. S5



0 10 20 30 40 50 60 70 80 90 100 110

800

850

900

950

1000

1050

1100

 

 
Lo

g 
P

os
te

rio
r P

ro
ba

bi
lit

y

Bin Number

Dithering
 ε = 0
 ε = 0.01
 ε = 0.02
 ε = 0.03
 ε = 0.04
 ε = 0.05
 ε = 0.06
 ε = 0.07
 ε = 0.08
 ε = 0.09
 ε = 0.10

Sample 1, LPP1000

0 10 20 30 40 50 60 70 80 90 100 110

400

450

500

550

Lo
g 

P
os

te
rio

r P
ro

ba
bi

lit
y

Bin Number

Dithering
 ε = 0
 ε = 0.01
 ε = 0.02
 ε = 0.03
 ε = 0.04
 ε = 0.05
 ε = 0.06
 ε = 0.07
 ε = 0.08
 ε = 0.09
 ε = 0.10

Sample 2, LPP1000

0.00 0.02 0.04 0.06 0.08 0.10
0

5

10

15

20

25

30

O
pt

im
al

 B
in

 N
um

be
r

Dithering Amplitude

M = 16

Sample 2, Optimal Bin Number

0.00 0.02 0.04 0.06 0.08 0.10
0

5

10

15

20

25

30

35

40

 

 

O
pt

im
al

 B
in

 N
um

be
r

Dithering Amplitude

M = 22

Sample 1, Optimal Bin Number

Fig. S6

0 10 20 30 40 50 60 70 80 90 100 110
350

400

450

500

550

600

650

700

750

Lo
g 

Po
st

er
io

r P
ro

ba
bi

lit
y

Bin Number

Dithering
 ε = 0
 ε = 0.01
 ε = 0.02
 ε = 0.03
 ε = 0.04
 ε = 0.05
 ε = 0.06
 ε = 0.07
 ε = 0.08
 ε = 0.09
 ε = 0.10

Sample 1+2, LPP1000

0.00 0.02 0.04 0.06 0.08 0.10
0

5

10

15

20

25

30

35

40

45

50

O
pt

im
al

 B
in

 N
um

be
r

Dithering Amplitude

Sample 1 + 2, Optimal Bin Number

M = 23

A B

C D

E F



A B C

D E F

G H I

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6

Sample 1, Histogram, No Dithering

Pr
ob

ab
ili

ty

Proximity Ratio

 N = 100
 N = 37

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6

Proximity Ratio

 N = 100
 N = 37

Sample 1, Dithered Histogram, ε = 0.01

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6
Sample 1, Dithered Histogram, ε = 0.02

Proximity Ratio

 N = 100
 N = 25

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6
Sample 1, Dithered Histogram, ε = 0.03

P
ro

ba
bi

lit
y

Proximity Ratio

 N = 100
 N = 33

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6
Sample 1, Dithered Histogram, ε = 0.04

Proximity Ratio

 N = 24
 N = 100

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6
Sample 1, Dithered Histogram, ε = 0.05

Proximity Ratio

 N = 100
 N = 20

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6
Sample 1, Dithered Histogram, ε = 0.06

Pr
ob

ab
ili

ty

Proximity Ratio

 N = 100
 N = 22

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6

Sample 1, Dithered Histogram, ε = 0.07

Proximity Ratio

 N = 100
 N = 23

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6
Sample 1, Dithered Histogram, ε = 0.08

Proximity Ratio

 N = 100
 N = 24

Fig. S7



0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6

P
ro

ba
bi

lit
y

Proximity Ratio

 M = 100, ε = 0
 M = 37, ε = 0.01
 M = 25, ε = 0.02
 M = 32, ε = 0.03
 M = 24, ε = 0.04
 M = 20, ε = 0.05
 M = 22, ε = 0.06
 M = 23, ε = 0.07
 M = 24, ε = 0.08
 M = 22, ε = 0.09
 M = 20, ε = 0.10

Sample 1, Dithered PR Histograms

0.00 0.02 0.04 0.06 0.08 0.10
0.05

0.06

0.07

0.08

0.09

0.10

0.11

0.12

0.13

0.14

0.15

 

 

σ 
G

au
ss

ia
n 

Fi
t

Dithering Amplitude

Sample 1, Dithered Histogram Width

A B

Fig. S8



0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6

Sample 1, Histogram, No Dithering

P
ro

ba
bi

lit
y

Proximity Ratio

 M = 100
 M = 22

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6
Sample 2, Histogram, No Dithering

Pr
ob

ab
ili

ty

Proximity Ratio

 M = 100
 M = 16

0.0 0.2 0.4 0.6 0.8 1.0

0

1

2

3

4
Sample 1+2, Histogram, No Dithering

Pr
ob

ab
ili

ty

Proximity Ratio

 M = 23
 M = 100

A B

C

Fig. S9



Fig. S10

A

0 2 4 6 8 10 12 14
0

5

10

15

20

25

30

 

 

Background Counts

 S = 50, τ = 1 ms
 Poisson Fit, µ = 6.1

0 2 4 6 8 10 12 14 16 18 20 22 24
0

5

10

15

20

25

30

 

Background Counts

 S = 50, τ = 1.5 ms
 Poisson Fit, µ = 9.4

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
0

5

10

15

 

Background Counts

 S = 50, τ = 2 ms
 Poisson Fit, µ = 13.2

S = 50
τ = 1 ms

0 2 4 6 8 10 12 14
0

2

4

6

8

10

 

Background Counts

 S = 70, τ = 1 ms
 Poisson Fit, µ = 6.8

0 2 4 6 8 10 12 14 16 18 20
0

5

10

15

20

25

 

Background Counts

 S = 70, τ = 1.5 ms
 Poisson Fit, µ = 9.1

0 2 4 6 8 10 12 14 16 18 20 22 24
0

5

10

15

20

 

Background Counts

 S = 70, τ = 2 ms
 Poisson Fit, µ = 12.9

S = 50
τ = 1.5 ms

S = 50
τ = 2 ms

S = 70
τ = 1 ms

S = 70
τ = 1.5 ms

S = 70
τ = 2 ms

B

C

0 2 4 6 8 10 12 14 16 18 20
0

2

4

6

8

 

Background Counts

 S = 90, τ = 1.5 ms
 Poisson Fit, µ = 8.7

S = 90
τ = 1.5 ms

0 2 4 6 8 10 12 14 16 18 20 22 24
0

2

4

6

8

10

12

14

 

Background Counts

 S = 90, τ = 2 ms
 Poisson Fit, µ = 12.2

S = 90
τ = 2 ms

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
0

2

4

6

8

 

Background Counts

 S = 90, τ = 2.5 ms
 Poisson Fit, µ = 16.6

S = 90
τ = 2.5 ms

0 100 200 300 400 500 600
1

10

100

1000

0 1 2 3 4 5 6 7 8 9 10 11

1

10

100

1000

 BSD
 BDD

B
ur

st
 S

iz
e 

D
is

tr
ib

ut
io

n

Burst Size

 B
urst D

uration D
istribution

 Burst Duration [ms]




