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Résumé. — Nous présentons des observations de vésicules toroidales de sections méridiennes
circulaires et non circulaires, axisymétriques et non axisymétriques. Nous décrivons également
des modifications de forme dues & des changements de température, qui permettent de faire le
lien avec une conjecture mathématique due & Willmore. Nos observations sont analysées & |'aide
d’une procédure numérique qui permet de déterminer les parameétres géométriques pertinents
des formes des vésicules. Une comparaison de nos observations avec des prédictions théoriques
récentes est faite, qui permet de mettre en évidence certaines caractéristiques imprévues des
formes d’équilibre observées.

Abstract. — We report observations of toroidal vesicles with circular and noncircular cross
sections, axisymmetric and nonaxisymmetric. Shape transformations induced by temperature
changes are also described, which permit a connection to a mathematical conjecture due to Will-
more, Our observations are analysed using a numerical procedure which allows a determination
of the relevant geometrical parameters of the shapes. We compare these observations with recent
theoretical predictions and point out some unexpected properties of the observed equilibrium
shapes.

1. Introduction

1.1. THE PHysics oF CLOSED FLulD BILAYERS. — Study of the equilibrium shape of ar-
tificial vesicles has been developed both theoretically and experimentally in different groups
during the past 20 years [1-3] (for an introductory review, see [4]). Vesicles are made of a
closed fluid phospholipid bilayer (the membrane) whose thickness is of the order of twice the
size of a phospholipid molecule (i.e., approximately 5 nm), their typical linear size (radius)
being of the order of some tens of micrometers. They are very easily prepared, for example, by
excess hydration of a dense lamellar phase (see experimental methods). Due to their thinness,
vesicles are observed using phase contrast optical microscopy. They appear as dark closed
lines, which represent approximately the apparent contour of the vesicle shapes perpendicular
to the optical axis of the microscope.
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The energetics of these objects is simple, due to the zero elastic shear modulus and incom-
pressibility of the fluid membrane and to the absence of an effective surface tension. For these
reasons, the bending elastic energy is the dominant term, and the approximately 2D surface
has thus a Curvature Elastic Energy (CEE):

Eg= g/ (2H)?dS, (1)

where H = % (}-11;1— + ‘R};) is the local mean curvature of the surface, R;, Rs being its radii of

principal curvature, and x = 10 —20kgT being the bending modulus of the membrane [5]. The
determination of the possible mechanical equilibrium shapes consists then in a minimization
of (1), under some additional physical constraints.

These constraints come from the physico-chemical characteristics of the membrane. The
amphiphilic nature of the phospholipid molecules leads to a negligible exchange rate between
the aqueous environment and the membrane, as well as between the two monolayers of the
membrane. As a consequence, during a typical experiment, one can assume that the number
of molecules is constant in both monolayers. Being incompressible, the area A of the vesicle is
thus a constant, as well as the area asymmetry AA = A°"* — A'™ between the inner and outer
monolayers. In addition, at mechanical equilibrium the osmotic pressure difference is zero
between the inside and the ouside of the vesicle, resulting in no net water exchange across the
membrane: the volume V of the vesicle is thus also a constant fixed at the time of equilibration.

1.2. PHENOMENOLOGICAL MODELS. — To take into account these three different constraints
A, AA and V, one has to introduce three Lagrange parameters, A, 4 and p. The functional to
be minimized is thus:

Fac = Eg + A + pV + pAA. (2)

This model is known as the Bilayer Coupling model (BC), because it explicitly takes into
account the bilayer nature of the membrane [6, 7).

Another approach has been proposed which describes the possible asymmetry of the bilayer
in terms of a spontaneous curvature. Instead of (1), one writes:

By = g f (2H — C,)2dS, (3)

where %‘C{] is the preferred local mean curvature of the membrane, which one can for example
attribute a posteriori to the area asymmetry between the inner and outer monolayers, but also
to different chemical compositions or environments of the inner and outer monolayers [8]. In
this Spontaneous Curvature model (SC), the functional to be minimized is:

Fsc = Esc + AA + pV. (4)

Finally, some authors have proposed to consider a more general model, which has the two
preceding ones as limiting cases [9-11]. The Area Difference Elasticity model (ADE) sets an
elastic cost on the deviation of the bilayer from its preferred area difference AAg. Explicitly,
one adds a term to (3) and gets for the elastic energy of the membrane:

Eipié = g /f(zH —Cy)2dS + ag (ﬁ)z (AA— AAg)?. (5)
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The coefficient o is a phenomenological parameter of order 1,

Ry = \/g, (6)

and D is the thickness of the bilayer. For a — 0, one recovers the SC model, and for & — o0,
the BC model.

All these models lead to the same Euler-Lagrange equations and thus, the whole set of
stationary solutions is the same in all three models. However, each model being characterized
by a different curvature elastic energy, a stationary shape can be either a local minimum, a
local maximum or a local saddle point, depending on the model considered. We will call a
stable shape of a model a surface which is the solution of the Euler-Lagrange equations for a
given set of geometrical parameters and is the absolute minimum of the energy (Ep in the BC
model, Esc in the SC model, Expg in the ADE model); all other solutions (local minima of
the energy) will be called metastable shapes.

1.3. RESULTS AND EXPERIMENTS FOR SPHERICAL TOPOLOGY. — The equilibrium shapes
of spherical topology (topological genus 0) have been calculated in both BC and SC models,
leading to a phase diagram of the expected vesicles which depends on the imposed geometrical
constraints [8, 12, 13]. At this point, one has to note that the CEE (1) being scale invariant, it is
always possible to end up with a shape of the desired area by a simple rescaling. Therefore, only
two geometrical constraints are relevant. For simplicity, one uses the following dimensionless
ones:

e the reduced volume
v = 6y/7V/A%?, (7)

which reaches its maximum value of 1 for the sphere,

e the reduced area difference,

Aa = AA/(2RoD) = / HAS/(87RoD), (8)

e and/or the reduced spontaneous curvature
co = CoRy. (9)

In conclusion, one can predict the stable equilibrium shape for any (v,¢p) in the SC model,
for any (v,Aa) in the BC model, and for any (v,co,Aag) in the ADE model. For details on
the results obtained in the genus 0 case, we refer the reader to the original articles.

By modeling the effects of a temperature change on the geometrical parameters of the vesicle,
it is also possible to predict the behaviour of the shape of a vesicle subjected to such a progres-
sive change. Different shape transformations have been observed and numerically calculated,
among which the most famous is the so called “budding transition”. The predicted order of the
transition depending in some cases on the model (SC, BC or ADE), it is in principle possible to
discriminate between them. This comparison between experiments and theories is satisfactory
for equilibrium shapes, but the order of the observed shape transformations is still an open
issue.
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1.4. ToroIDAL TOPOLOGY. — Our purpose is to present new experimental results on vesicles
of toroidal topology and to compare them with recent predictions. The paper is organized as
follows: a first part (Sect. 2) describes the experimental methods. A summary of the theoretical
predictions is given in Section 3. We describe in Section 4 our observations of toroidal vesicles
with circular cross sections, both axisymmetric and nonaxisymmetric and we report results
on shape transformations induced by temperature changes. In Section 5, we report the first
observation of discoid nonaxisymmetric vesicles. Section 6 describes the first observed toroidal
stomatocyte. Section 7 discusses possible experimental reasons for the nonobservation of sickle-
shaped tori. We conclude this article with a summary of the theoretical implications of our
experiments.

2. Experimental Methods

2.1. PREPARATION OF VESICLES. — Vesicles are made of one (or more) closed bilayers. They
are mostly prepared with multicomponent mixtures of natural phospholipids swelled in water
by using various procedures. They can also be prepared with very pure synthetic surfactants.
We used pure synthetic “standard” phospholipids purchased from Avanti Polar Lipids, Inc.
(DMPC, DPPC, DOPC) as well as a polymerizable one, DCs g PC [14-16].

e For the first ones (DMPC, DPPC, DOPC), we used crystallized phospholipids (a few
mg) deposited on a Petri dish. A droplet of de-ionized water (at a temperature T' > Tj,)
swells the lipids which are then spread over the bottom of the box. A further excess
amount of heated de-ionized water (some ml) permits the separation of vesicles from the
bulk lamellar phase (complete swelling occurs after some hours). Vesicles of non spherical
topological genus represent only a very small part of the overall population (much less
than 1%).

e The last phospholipid (DCggPC) can be swelled in a similar way. When cooled below
the melting temperature of the chains (T}, = 42 °C), vesicles undergo a morphological
transition toward tubules (diameter: 1 ym, length: some 100 pm) due to the chirality of
the molecules. This transition is reversible, which means that one can form vesicles by
reheating the tubules above T},,. As cooling cannot be avoided between the preparation
stage and the observation, tubules can be considered as a mandatory intermediate step
toward the formation of vesicles.

Another, simpler method to prepare tubules has been proposed [14-16]. A few mg of
DCggPC are dissolved in a few ml of ethanol. Adding doubly de-ionized water drop
by drop leads to the formation of a white precipitate. The addition is stopped when
complete precipitation of the tubules has taken place. The ethanol is then eliminated by:
(i) centrifugation (10000 tr.mn~! during 15 mn), (ii) dissolution of the tubules and the
remaining solvent in the same volume of doubly de-ionized water. Steps (i) and (ii) must
be repeated until no traces of ethanol can be found. The tubules can then be heated as
before to obtain vesicles.

In the case of DCg gPC, a common remark concerning both methods has to be made: the
vesicles, which are observed at a high temperature, go through an intermediate tubule
stage. This means that vesicles made of DCg gPC do not have to be separated from a
lamellar phase: their membrane is formed by fusion and swelling of the small vesicles
which appear when the tubule unwraps. For this reason, they are not subjected to the
same kind of mechanical strains as in a standard swelling procedure. The result seems to
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be a much higher fraction of vesicles of nontrivial topological genus. This is the reason
why we mostly used this phospholipid in our study.

2.2. OBSERVATION AND ANALYSIS. — Observation is made at a constant temperature (£ 0.05 °C)
using a phase contrast microscope coupled to an image analysis system (512 x 512 pixel CCD
camera, image acquisition card, personal computer). Vesicles are best seen when the tangent
plane to their contour in the focal plane of the microscope is perpendicular to the focal plane:

in this case the contrast of the contour with respect to the surrounding medium is maximized,
and it appears as a dark line, Since vesicles are free to rotate under Brownian motion, pictures
can be taken from different view points, thus leading to enough 2D contours to reconstruct the
3D surface of the vesicle.

It is, indeed, possible to digitize the experimental pictures and to build a triangulated ge-
ometrical model of the observed surface [17]. Using a computer program written by Brakke,
the surface evolver [18], it is then possible to get the geometrical parameters (V, A and AA)
of this triangulated surface, and to check by a direct minimization of the CEE whether it is or
is not a stable or a metastable solution of one of the curvature models described previously.

Finally, in order to test the theoretical predictions concerning the various branches of so-
lutions, we performed temperature-change experiments. This allows us to vary the reduced
volume v of the vesicles, the volume being almost constant while the area changes as:

dA
where v &~ 4 x 1073 K~!. A decrease of T thus corresponds to an increase of v.

3. Theoretical Predictions

Toroidal vesicles were first observed in the case of partially polymerized membranes [19, 20].
The observations we will report have been performed on nonpolymerized, i.e., fluid vesicles. In
this case, the same theoretical analysis as for the spherical genus can be used, and predictions
have been made within the framework of all preceding models (SC, BC and ADE).

Ou-Yang first noticed that the only circular toroidal solution of the SC model is characterized

by a ratio of its generating circles, TREIZ = /2 (see Fig. 14), a torus known in the mathematical

literature as the Clifford torus [21]. The stability analysis performed by Fourcade showed that
it is a stable solution for any negative Cp, but that a positive Cy makes it unstable to an
axisymmetry-breaking deformation [22].

Seifert made the first systematic numerical calculations of axisymmetric toroidal shapes in
the SC model for Co = 0 [23]. He predicted the possible existence of three distinct families
of shapes, characterized by different kinds of cross sections: the almost circular tori (Ci) [24],
the toroidal discocytes (called discoid tori in the following or Di), and the sickle-shaped tori
(Si). The domain of existence of these shapes is limited to a finite interval on the reduced
volume axis: for example, the circular tori are predicted to be unstable with respect to an
axisymmetry-breaking deformation for v > wvoug, where voyg = 3/(2%/4y/7) ~ 0.71 is the
reduced volume of the Clifford torus.

In other words, one expects nonaxisymmetric shapes to occur for v > wveyg. This predic-
tion is related to the Willmore conjecture, first recalled by Duplantier [25]. The Willmore
conjecture states that the Clifford torus is the absolute minimum of the CEE among surfaces
of topological genus 1. But the CEE is invariant under 3D conformal transformations. These
transformations (which preserve angles) contain not only rotations, translations and rescalings,



268 JOURNAL DE PHYSIQUE I N°2

but also inversions. In contrast with the genus 0 case (all conformal transforms of the sphere
are spheres), inversions are useful in the genus 1 case, because they generate a non-trivial
one-parameter family of conformal transforms of the Clifford torus. These shapes known as
Dupin cyclides are nonaxisymmetric and are also absolute minima of the CEE (see Appendix
8.4). As their reduced volume v > vcjg, they are the nonaxisymmetric shapes expected for
v > VClif [23, 26].

In the case Cy # 0, the existence of nonaxisymmetric shapes has been confirmed by Fourcade,
who used a variational approach to study the stability of axisymmetric and non-axisymmetric
shapes of the circular family for reduced volumes larger than vy [22].

A thorough analysis of the phase diagram for all three models has recently been done nu-
merically by Jiilicher, Seifert and Lipowsky (JSL) [27]. Systematically using special conformal
transformations to test the stability of axisymmetric stable shapes, they have shown that non-
axisymmetric shapes should be observed for sufficiently high reduced volumes. The phase
diagram of all models can be described using the three preceding families of characteristic
shapes (Ci, Di and Si) plus a fourth one, the toroidal stomatocyte or stomatoid tori (St).
Depending on the model and the region of the phase diagram, only one family (that of low-
est energy) appears in the phase diagram, the other ones being metastable shapes [28]. The
stomatoid tori do not appear as global minima (stable shapes) in the SC phase diagram. The
ADE model (for Cy = 0) slightly deforms the phase diagram of the BC model, depending on
the value of the phenomenological parameter a, but remains qualitatively the same.

Four important results of this study (hereafter referred to as JSL) must be emphasized, with
respect to the observations we will report:

e circular tori and sickle-shaped tori, both axisymmetric and nonaxisymmetric, are pre-
dicted in all three models (as stable or metastable shapes);

¢ stomatoid and nonaxisymmetric discoid tori are not predicted in the analysis of the SC
model;

¢ nonaxisymmetric stomatoid tori are not predicted in the analysis of any model;

o finally, all the models predict a continuous transition from axisymmetric to nonaxisym-
metric shapes by an increase of the reduced volume.

In the following, we present our observations for each family (almost circular, discoid, stoma-
toid and sickle-shaped) and discuss the compatibility of each model (described in detail in [27])
with our observations.

4. Circular Tori

4.1. AXiISYMMETRIC CIRCULAR ToORI. — In the simplest model (SC with Cy = 0), circular
tori are expected to exist for any reduced volume smaller than voig = 0.71. Their cross section
is expected to depart from a perfect circle by only a few percent, but we did not try to analyse
this departure [22, 29].

We observed circular tori of reduced volume 0.3 < v < vejr (see Fig. 1). Because of the
Brownian rotation of the vesicles, we could take pictures of the vesicles at different orientations
with respect to the optical axis of the microscope. We performed the geometrical mesurements
(diameter of the hole, and diameter of the cross section) on the pictures when the symmetry
axis of vesicle was either parallel or perpendicular to the optical axis [17]. Uncertainties in
the reduced volume come mainly from the deviation from parallelism or perpendicularity of
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Fig. 1. — Almost circular tori. Bar indicates 10 pm.

the torus axis with respect to the optical axis of the microscope, but also from the thermal
fluctuations, which slightly deform the shape (the relative uncertainty increases with the aspect
ratio Ry/R; and never exceeded 5%). We estimated the reduced area difference Aa assuming
that they were perfect circular tori, for which there exists an exact relation between v and Aa
(see below).

4.1.1. Spontaneous Curvature Model. — Axisymmetric circular tori also exist for Cy # 0 in the
SC model. According to JSL, the maximum reduced volume v*(cg) above which axisymmetry
breaking is expected depends slightly on the reduced spontaneous curvature for —1 < ¢g < 1,
and is close to voyug. For this reason, we can say that the observed axisymmetric tori are
compatible with a large range of spontaneous curvature and, as we do not know the spontaneous
curvature of the phospholipids we use, we have no reason to assume a zero value.

According to JSL, for small reduced volume, sickle-shaped tori (Si) have a lower energy than
circular tori (Ci). The frontier v~ (cq), below which Si tori are absolute minima of the energy,
decreases with increasing ¢y (v=(0) = 0.58, v~(2) = 0.3). Our observations of circular tori
with small reduced volume thus favor a large value for ¢y (¢q > 2).

It is, however, worth recalling that metastable Ci tori exist for any reduced volume smaller
than vT. The frontier v~ between circular tori and sickle-shaped tori may thus not reflect an
observable transition. Since the energy barrier between the two shapes (Ci and Si) exceeds
kgT (it is of order O(k)), this transition is unlikely to be driven by thermal fluctuations only.

4.1.2. Bilayer Coupling Model. — Almost circular tori are also predicted as global minima in
this model. Using the parametrization of [21, 30] (see Fig. 14) for exactly circular tori, one
gets:

_ 3 ap
=i " (11)
Aa = gr”?’, (12)

r = Ry/R; being the ratio of the radii of the generating circles. As a result, exactly circular
tori are represented by a curve Aac;(v) in the (v, Aa) plane whose equation is:

Ancilo) = % (13)

In the phase diagram of the BC model calculated by JSL, shapes of a given Aa are predicted
to be nonaxisymmetric if v > v, and to look more like discoid tori when v < vg;.
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The abundance of the observed circular tori as compared to the other classes (see below
the corresponding Sects.) would thus imply that, for an unknown reason, a particular, narrow
region of the phase diagram (around the line Aac;(v)) is favored. Unless we find a plausible
physical reason for this selection, we may conclude that the BC model looks more restrictive
than the SC model, as far as our observations of circular tori are concerned.

Let us consider a possible explanation of this selection: the BC model assumes a strict
conservation of the monolayer area difference, which is a reasonable hypothesis only on short
time scales (shorter than the typical flip-flop time constant [31]). If one observes the vesicles a
sufficiently long time after their formation (which is the case when vesicles are observed after
a week), exchange of lipids between the two monolayers is likely to have occurred in order to
reach a value of Aa which minimizes Ey, Equation (1) (at fixed reduced volume, the exchange
rate with the bulk solution being negligible). We are thus led to consider two different physical
problems:

o A short-time-scale problem: given the geometrical characteristics of a vesicle, v and Aa,
determine the stable equilibrium shape of the vesicle. The answer to this problem is
given by the phase diagram as calculated by JSL in [27]. One must also consider the
formation process, which might favor specific solutions.

o A long-time-scale problem: given the geometrical constraint v (plus the total area of
both monolayers), determine the stable equilibrium shape of the vesicle, allowing for a
redistribution of phospholipids between the two monolayers. In this case, consideration
of the starting shape is essential, a vesicle evolving towards the nearest accessible local
minimum.

Let us try to perform the second analysis using a curve calculated by JSL in reference [27].
They give a detailed description of the metastable equilibrium axisymmetric shapes and their
energy as a function of Aa for the particular value v = 0.55 (Fig. 1 of [27], simplified in Fig.
2).

For v = 0.55, three distinct shapes have a locally minimal elastic energy Ey: a sickle-shaped
torus (Aas; ~ 0.5), a discoid torus (Aap; =~ 1.1) and a circular torus (Aacg; ~ 1.4). The
elastic energy barriers separating these three minima are of the order of 0.6 — 1.2k (where
k &~ 10 — 20kgT), so that we expect these minima to be well separated attractors for the
shapes with neighbouring Aa and identical v. Aa will evolve (increase or decrease) to the
nearest local minimum, hence all tori with v = 0.55 and Aa(t = 0) > 1.25 will evolve to the
circular torus. This picture probably qualitatively holds for all v < veyg.

In summary, our observations of a majority of circular axisymmetric tori are compatible with
the predictions of the BC model, taking into account the possible redistribution of phospholipids
between the two monolayers on a long time scale.

4.1.3. Area Difference Elasticity Model. — In principle, as the ADE model interpolates between
the two preceding models, we might hope that it has their advantages without having their
drawbacks. In fact, because it depends on a phenomenological parameter o that we cannot
measure (see for example [9]), and is expected to vary from vesicle to vesicle depending on their
composition or lamellarity [11], there are as many phase diagrams as there are vesicles. In the
following, we discuss the case treated in [27], @ = 1, Cp = 0. The geometrical parameters are
v and Aag, the equilibrium reduced area difference.

As stated before, we did not try to measure Aa (which should be close to Aag). In fact, as
this model predicts that circular tori are stable for a rather broad range of Aag (at least for
a = 1), for a given reduced volume, this model is less restrictive than the BC model considered
previously, as far as axisymmetric circular tori are concerned.
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Fig. 2. — Curvature elastic energy Fg of equilibrium shapes of reduced volume v = 0.55. Three
families are present: the sickle shaped tori (Si), the stomatoid tori (St, dashed curves) and the discoid
tori (Di). The curves end at points where the inner radius of the hole shrinks to zero. There are three
local minima. That indicated by a star corresponds to an almost circular tori, which is the limiting
axisymmetric shape: shapes with greater Aa are nonaxisymmetric, but have higher energy. Adapted
from reference [27].

An interesting fact about the ADE model is that axisymmetric circular tori of reduced
volume slightly larger than veyg (up to v+ = 0.77 for @ = 1) are expected. Taking this
prediction into account, we cannot explain why we observed no axisymmetric circular tori of
reduced volume v > vcyg, unless the phenomenological parameter « is large, which makes it
only slightly different from the BC model.

4.2, THE CLIFFORD ToRUS. — In the case of the Clifford torus (veug = 0.71, Aacuig =
2-3/471/2 ~ 1.05), we sometimes observed marked thermal fluctuations. Figure 3 shows dif-
ferent views some seconds apart of the same torus: the axisymmetry is slightly broken by fluc-
tuations, as well as the circular shape of the hole, the mean shape being a Clifford torus [32].
These marked fluctuations, which do not exist for most of the Clifford tori we observed, may
be related to the near degeneracy of the ground state of the SC model for Cy = 0 and v = vcus,
as described by Fourcade [22].

Let us recall these results: following a conjecture due to Willmore, the Clifford torus is the
genus 1 shape which absolutely minimizes the CEE. By conformal invariance of the CEE, shapes
obtained by an inversion of the Clifford torus have also the same energy, and thus minimize
the CEE. This conformal degeneracy is, however, broken by the reduced volume constraint.
Nevertheless, it is possible to couple two other kinds of deformations to this conformal mode,
in order to satisfy the reduced volume constraint to leading order. This leads to the remarkable
result that the energy of such a deformed Clifford torus is constant up to fourth order in the
relative amplitude of the deformation a*.

This result does not hold for Cy # 0. For a positive spontaneous curvature, the corresponding
equilibrium shape is non-axisymmetric [22, 23]. For —1 < ¢g < 0, the Clifford torus is the
equilibrium shape, but the conformal mode has now an energy quadratic in a*, like any other
deformation mode.
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(c) (d)

Fig. 3. — Fluctuating Clifford torus. Bar indicates 10 um.

In Figure 3, we can estimate a* via the eccentricity of the hole (see Appendix 8.4). From our
observations, we mesure a relatively large amplitude a* = ]% =~ 0.22, where R; is the inner
radius of the unperturbated Clifford torus. For k = 20kgT, the energy of this deformation (if
Co = U) is:

AEp = 8n%k (a*)* ~ 3 + 1ksT, (14)

which is compatible with a thermal excitation of this mode.
Its energy in the case of a negative reduced spontaneous curvature cg < 0 would be:

AEsc = —2°/47%%¢ox (a*)? =~ —25¢oksT. (15)

One has thus to assume a small value of the reduced spontaneous curvature (|cg| < 1) in order
to explain the thermally excited fluctuations observed.

The particular value, Cy = 0, necessary for such a conformal near degeneracy could explain
the rare occurrence of this phenomenon.

In the BC model, there exists another constraint, AA, which plays the role of a spontaneous
curvature. Extending the analysis of Fourcade, it can be shown that one cannot satisfy this



