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The observed equilibrium shapes of phospholipid vesicles of topological genus 2 (shapes
with two holes) are found to be in agreement with theoretical predictions on the basis of
a minimization of the elastic curvature energy for fluid membranes under the constraints
of constant area, volume, and area difference (between the inner and outer layers of the
membrane). For some particular geometrical characteristics, the shapes of the vesicles
change continuously and randomly on a slow time scale (tens of seconds) and thus exhibit
conformal diffusion. This phenomenon is a reflection of the conformal degeneracy of the
elastic curvature energy. Its observation sets a limit (three constraints) on the number of
physical constraints relevant to the determination of the shapes of vesicles.

Phospholipid vesicles are closed fluctuat-
ing bags (less than a few micrometers in
size) whose surfaces are made of phospho-
lipid molecules organized in a membrane, a
fluid bilayer strucrure a few nanometers
thick. These vesicles, also known as lipo-
somes and used as such in a number of
applications (from cosmetics to pharmacol-
ogy), are often studied as a simplified model
of the cell membrane. They are easily
formed from a sample of phospholipids dis-
solved in water and can be observed by
phase-contrast microscopy (1). Under-
standing the shapes of these vesicles is a
crucial test for the validity of the various
physical models that describe fluid mem-
branes. This has been an active experimen-
tal field since the mid-1970s when the first
models were proposed as an explanation for
the various shapes of red blood cells that
had been observed (2). These models are all
hased on an elastic description of the fluid
(shearable) membrane, its energy being
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where k is the elastic modulus, R, and R,
are the local principal radii of curvature of
the membrane (3), and S is the differential
surface element.

The shape of the vesicle can be deter-
mined by minimizing its elastic curvature
energy under various physical constraints,
among which its area A and volume V are
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the most obvious. However, these are not
sufficient to account for all the vesicle
shapes that have been observed, for exam-
ple, the variety of red blood cell morphol-
ogies. To account for those cases, other
constraints have been introduced, such as
a spontaneous curvature (which might re-
sult from a bilayer asymmetry) or a con-
straint on the area difference AA between
the inner and outer layers of the mem-
brane [which could be constant as a result
of a very low rate of lipid exchange (flip-
flop) between the two layers], or a combi-
nation of both (4-6). Recently Jiilicher,
Seifert, and Lipowsky (JSL) pointed out
that the number of relevant constraints
could be determined to be three on the
basis of the observation in vesicles of to-
pological genus 2 or higher (that is, shapes

Fig. 1. Some of the absolute minimal shapes of
topological genus 2 (shapes with two holes) for the
elastic curvature energy (Eq. 1). These shapes can
be obtained by special conformal transforms
(SCTs) of the Lawson surface L; SCTs are defined
by I:Bel, where B indicates the translation of vector
b, and I is the sphere inversion with its center at the
origin of coordinates (7, 9). For the sake of com-
modity, we start from the “'button’’ surface B. With
b parallel to the z axis, B [(v.Aa) = (0.68,1.068)] can
be continuously transformed into L [(v.Aa) =
(0.67,1.021)], which has a threefold symmetry
axis, and finally into a sphere with two infinitesimal
handles (a "'genus 2 sphere”) [(v,Aa) = (1,1)], go-
ing through surfaces of the LS kind shown here.
With b parallel to the x axis, it is possible to contin-
uously reach a genus 2 sphere going through sur-
faces of the BS, kind; the same is true for b parallel

with two holes or more) of a new phenom-
enon, which they called conformal diffu-
sion (7). Here, we report the observation
of this phenomenon.

To understand the possible shapes of
vesicles, it is helpful to first consider the
invariance properties of their elastic curva-
ture energy (Eq. 1). This energy is obviously
invariant under rranslations and rotations.
[t is also invariant under dilations. Indeed,
if we scale a vesicle (if it is spherical, its
radius) by a factor «, because its area in-
creases as o, its overall energy and shape
remain unchanged. This invariance has an
important consequence: The number of rel-
evant geometrical characteristics is reduced
by one, and adimensional parameters are
defined as the reduced volume v and the
reduced area difference Aa (8). Another
more subtle property of the energy is its
invariance with respect to sphere inver-
sions. A sphere inversion is defined simply
by choosing an inversion center O and
“inverting” the distances (9). In contrast
with the previous symmetries, the sphere
inversions, although they may preserve the
energy of a vesicle, may alter its shape. All
of these transformations combined—trans-
lations, rotations, dilations, and inver-
sions—form the group of three-dimensional
conformal transformations, and, as just ex-
plained, the elastic curvature energy does
not change as a result (that is, it is confor-
mally invariant).

In particular, the state of minimal elastic
curvature energy (the ground state) is con-
formally invariant. For vesicles of spherical

to the y axis and surfaces of the BS, kind. Shapes were calculated with the SURFACE EVOLVER program
(17). This figure was inspired by a similar figure published in (7), which was based on a different numerical

algorithm.
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