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Simulations in the warm dense matter regime using finite temperature Kohn-Sham density func-
tional theory (FT-KS-DFT), while frequently used, are computationally expensive due to the partial
occupation of a very large number of high-energy KS eigenstates which are obtained from subspace
diagonalization. We have developed a stochastic method for applying FT-KS-DFT, that overcomes
the bottleneck of calculating the occupied KS orbitals by directly obtaining the density from the
KS Hamiltonian. The proposed algorithm, scales as O

(
NT−1

)
and is compared with the high-

temperature limit scaling O
(
N3T 3

)
of the deterministic approach, where N is the system size

(number of electrons, volume etc.) and T is the temperature. The method has been implemented
in a plane-waves code within the local density approximation (LDA); we demonstrate its efficiency,
statistical errors and bias in the estimation of the free energy per electron for a diamond structure
silicon. The bias is small compared to the fluctuations, and is independent of system size. In ad-
dition to calculating the free energy itself, one can also use the method to calculate its derivatives
and obtain the equations of state.

I. INTRODUCTION

Electronic structure calculations coupled with molec-
ular dynamics trajectory sampling, form a reliable and
important source of information concerning the proper-
ties materials at the warm dense matter (WDM) regime.
The main challenges lie in the determination of the equa-
tion of state (EOS) of such systems [1–6], addressing their
various phase transition boundaries [7, 8], and predicting
shock-wave propagation characteristics, [9–11] as well as
their transport and optical properties [12–17].

Reliable and predictive computational approaches
should be based on ab initio calculations, and these usu-
ally fall within the Green’s function methods (GF) [18–
21], Monte-Carlo (MC) techniques [9, 22, 23] and density
functional theory (DFT) [24–26]. The fact that GF and
MC methods are expensive is exacerbated by the need
to repeat the electronic calculation for the many nuclear
configurations along a molecular dynamics trajectory.

Among the ab initio approaches, DFT methods emerge
as an ideal framework, combining useful accuracy and
applicability. We differentiate between orbital-free
DFT [27–32] and finite-temperature Kohn-Sham (FT-
KS) approaches [33, 34]. The former involves very moder-
ate computational effort but is of limited accuracy due to

the use of approximate kinetic energy and entropy func-
tional. The latter class of DFT approaches on the other
hand yields reliable and accurate results and is emerging
as the method of choice in the field, with applications
rangingfrom short pulse laser simulations [35, 36] and x-
ray scattering [37, 38] to properties of astrophysical bod-
ies [8, 39–41].

The benefits of using the FT-KS method stems from
the mapping of the interacting system onto the non-
interacting one governed by the single-particle KS Hamil-
tonian. This, however, comes with a price, since in finite
temperature the eigenstates of the KS Hamiltonian are
all formally occupied according to the Fermi-Dirac dis-
tribution, thus requiring the calculation of all the non-
negligibly occupied eigenstates (Nocc ). This numerical
task scales typically as O

(
N2
occN

)
, where N indicates

the system size (volume, number of electrons, etc). From
the entropy of the non-interacting homogeneous electron
gas we find that the proportionality of the number of oc-
cupied states with temperature is Nocc ∝ NT 3/2, where
T is the temperature (In this model the entropy is also
proportional to a term that is independent of T , so that
in T = 0 the number of occupied states goes to a con-
stant. However, one should note that the model only
holds in the limit of high temperatures). Consequently,
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the CPU time of a FT-KS-DFT calculation is expected
to scale as O

(
T 3N3

)
, which rises rapidly with temper-

atures and densities of the system. Moreover, it grows
significantly when the system is near a phase transition,
where physical length-scales are large. The purpose of
this paper is to propose an alternative implementation of
the FT-KS-DFT, based on a stochastic approach [42], in
which the CPU time increases linearly with system size
and inverse temperature. The scaling of the proposed
method is therefore O

(
NT−1

)
to be compared with the

O
(
T 3N3

)
scaling of conventional FT-KS-DFT. Stochas-

tic methods for electronic structure have been developed
recently and has shown to be highly efficacious in lower-
ing the algorithmic complexity of a variety of electronic
structure calculations [20, 43–50]. This paper shows that
such an approach can also be useful for research done
in WDM and related fields. We focus on the electronic
structure aspect of the free energy, neglecting the con-
tribution of the nuclear kinetic energy and entropy, both
of which requires an additional effort (such as a molecu-
lar dynamics sampling technique). In anticipation of the
disorder created by the molecular dynamics sampling, we
do not exploit the symmetry of the ordered lattice (as of-
ten done by k-point sampling techniques) which we use
to demonstrate the method.

We present the method in Section II, and study its
validity by examining the convergence to the known (de-
terministic) free energy and the stochastic noise accom-
panying the calculations in Section III. In Section IV
we show how equations of state can be computed in the
presence of stochastic noise.

II. METHOD

A. FT-KS-DFT formalism

Consider an ensemble of interacting electrons in inverse
temperature β = 1

kBT
and chemical potential µ. The

grand canonical potential operator describing the system
would then be

Ω̂ = Ĥ − T Ŝ − µN̂ (1)

where N is the number of electrons, Ŝ is the entropy and
Ĥ is the interacting Hamiltonian, defined as

Ĥ = − 1

2me
∇2 + v̂ee + v̂ext ;

here me is the electron’s mass, ~ is Planck’s constant, vee
represents the interaction between the electrons and v̂ext
is the potential of interaction between the electrons and
the nuclei as well as other external fields.

The FT-KS-DFT method maps the interacting system
onto an ensemble of non-interacting electrons, the KS
system, with the same one-electron density n (r) and,

commonly though not compulsory, the same inverse tem-
perature β and chemical potential µ [51]. These non-
interacting electrons are described by the KS Hamilto-
nian

ĥ = − ~2

2me
∇2 + vKS (r) . (2)

The potential vKS (r) is given by

vKS [n] (r) = vext (r) + vH [n] (r) + vxc [n] (r) , (3)

where

vH [n] (r) =

∫
n (r′) |r − r′|−1

d3r′ (4)

is the Hartree potential and vxc [n] (r) = δΩxc[n]
δn(r) is

the exchange-correlation potential, which is a functional
derivative of the exchange-correlation grand canonical
potential Ωxc. This exchange correlation functional in-
cludes the differences between the interacting and non-
interacting system’s kinetic energy and entropy, as well as
the difference between the full Coulomb repulsion energy
and the Hartree energy, defined as

EH =
1

2

∫∫
n (r)n (r′)

|r − r′|
d3r′d3r. (5)

The method can be useful if an efficacious approximation
to Ωxc [n] is available. The local density approximation
provides such an approximate functional [33]:

ΩLDAxc [n;β] =

∫
ωxc (n (r) , β)n (r) d3r (6)

vLDAxc [n;β] (r) = ωxc (n (r) ;β) + ω′xc (n (r) ;β)n (r)
(7)

where ωxc (n;β) is the exchange-correlation free energy
per electron for a homogeneous electron gas at density
n and inverse temperature β, parameterized based on
Monte Carlo free energy calculations [30].

The system’s electronic density is given as

n(r) =
∑
i

fβ,µ (εi) |φi (r) |2 (8)

= tr
[
fβ,µ

(
ĥ
)
n̂(r)

]
(9)

where n̂ (r) = δ (r̂ − r) is the electron density operator
(r̂ is the position of the electron),

fβ,µ (ε) =
1

1 + eβ(ε−µ)
(10)

is the Fermi-Dirac distribution and φi(r) (εi) is the eigen-
function (eigenvalue) of the self-consistent KS Hamilto-
nian:
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ĥφi (r) = εiφi (r) . (11)

We then construct vKS according to Eq.(3) in order
to solve Eq.(11) again. The procedure is repeated until
convergence is achieved.

Once the density is obtained, the grand canonical free
energy of the interacting system, when the nuclear kinetic
energy is neglected [52], is given as:

Ω = ΩKS − EH [n]−
∫
n (r) vxc (r) d3r + Ωxc [n] + EN

(12)
where EN is the (classical) nuclear-nuclear repulsion en-
ergy and

ΩKS = EKS − µN − TSKS (13)

is the grand canonical potential of the non-interacting
system. Here,

EKS = tr
[
fβ,µ

(
ĥ
)
ĥ
]
. (14)

Furthermore,

SKS = kBtr
[
fβ,µ

(
ĥ
)

ln fβ,µ

(
ĥ
)

+ f̄β,µ

(
ĥ
)

ln f̄β,µ

(
ĥ
)]

(15)
is the entropy of the non-interacting electrons where we
use the notation f̄ ≡ 1− f , and

Ne =

∫
n (r) d3r = tr

[
fβ,µ

(
ĥ
)]

. (16)

As can be seen in Eqs.(9) and (14)-(16) all the quan-
tities above can be expressed as traces. The series of
iterations involved in the FT-KS-DFT method can then
be described in the following manner: a previous guess
density nprev (r) is used to construct a KS potential
vKS [nprev] (r), from which a new guess density nnew (r)
is obtained:

nprev −→
Eq. (3)

vKS [nprev]→ ĥ −→
Eq. (9)

nnew (r) . (17)

These iterations are repeated until the previous and new
densities are equal to one another, in which case a self-
consistent-field (SCF) density n (r) is obtained, so that:

nprev = nnew ≡ n . (18)

B. Stochastic approach to FT-KS-DFT

The stochastic approach to FT-KS-DFT (sFT-KS-
DFT) exploits the fact that all terms in the free energy of
Eq. (13) are expressed using traces over appropriate oper-
ators. These traces are then estimated by the stochastic
trace formula [53]:

tr
[
Â
]

= E
{〈
χ
∣∣∣Â∣∣∣χ〉} , (19)

where Â is an arbitrary operator, χ is a random ket and
E {· · · } is the statistical average value of the random
variable appearing inside the curly brackets. If we use
a Cartesian grid of Ng grid points r to represent wave
functions and operators in real-space then the ket χ is
a random orbital and at each grid point χ (r) is a ran-
dom variable with zero mean, E [{χ (r)}] = 0 , and a
covariance given by

E
{
χ (r)χ (r′)

∗}
= δ−3δrr′ (20)

where δ is the grid spacing. This requirement on the
random orbital can be achieved by choosing χ (r) =
δ−3/2eiθ(r) for each grid point r, where θ (r) is an in-
dependent random number in the [0, 2π] interval.

Assuming the Hamiltonian ĥ is known, the FT den-
sity can be computed from the trace formula, using I
stochastic orbitals χi, i = 1, . . . , I as follows

nI (r) =
1

I

I∑
i=1

|ξi (r)|2 (21)

where ξi (r) is a thermally filtered random orbital, given
by:

ξi (r) = 〈r| θβ,µ
(
ĥ
)
|χi〉 (22)

where θβ,µ (ε) =
√
fβ,µ (ε).

The SCF procedure in the stochastic approach involves
a previous stochastic guess density nprevI (r) and the fol-
lowing process to update it, analogous to Eq. (17):

nprevI −→
Eq. (3)

vKS [nprevI ]→ ĥ −→
Eq. (21)

nnewI (r) . (23)

These iterations are repeated until the previous and new
densities are equal, in which case a self-consistent-field
(SCF) density nI (r) is obtained:

nprevI = nnewI ≡ nI . (24)

The random density nI is distributed with a mean E {nI}
and a certain standard deviation proportional to I−1/2

representing the statistical error. A second part of the
statistical error is the bias, defined as

bias = E {nI} − n. (25)

The origin of the bias is the nonlinear nature of the SCF
cycle in Eq. (17) and this error can be shown to diminish
asymptotically linearly with I−1 (for further reading see
Ref. 54); we will see that is indeed the case in actual
calculations presented below. The general conclusion is,
that as I increases the bias diminishes faster than the
standard deviation.
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C. The Chebyshev expansion

For each χ (r), the calculation of ξ (r) employs a
Chebyshev polynomial expansion, i.e.

ξ (r) =

NC−1∑
n=0

Cn [θβ,µ]φn (r) (26)

where φ0 (r) = χ (r), φ1 (r) = ĥNχ (r), and for n > 1,
φn (r) = 2ĥNφn−1 (r) − φn−2 (r), with the normalized
Hamiltonian

ĥN =
ĥ− 1

2 (Emax + Emin)
1
2 (Emax − Emin)

=
ĥ− Ē
∆E

(27)

where Emax (Emin) is an upper bound on the maximal
(lower bound on the minimal) eigenvalue of ĥ. The coeffi-
cients Cn [F ] are the Chebyshev coefficients correspond-
ing to a function F (ε) (which is equal to θβ,µ in this
case). They are given by [55]:

Cn =
2− δn0

2NC
e
i nπ2NC F̃n, n = 0, 1, . . . , NC − 1 (28)

where F̃n are the first NC terms of the fast Fourier trans-
form of the series

Fk = F
(
xk∆E + Ē

)
, k = 0, 1, . . . , 2NC − 1 (29)

where xk = cos
π(k+ 1

2 )
NC

. In the case of Eq. (26) we take
this function as F (ε) = θβµ (ε). The expansion length
NC is selected such that |Cn| < 10−9 for n > NC . I can
typically be shown that [56]:

NC ∝ β∆E. (30)

Since ∆E is half the difference between Emax and Emin
where Emax is usually determined by the kinetic en-
ergy cutoff and Emin is determined by the ground state
screened potential (including the non-local part of the
pseudopotential), the number of terms in Chebyshev ex-
pansion is largely independent of system size.

D. Chebyshev moments

Besides the density, other quantities of interest (see
Eqs. (14), (15) and (16)) are all traces of certain functions
F
(
ĥ
)
of the KS Hamiltonian ĥ. The calculation of these

quantities can all be expressed as sums of the form:

tr
[
F
(
ĥ
)]

=

NC∑
n=0

Cn [F ]Mn (31)

where Cn [F ] are the Chebyshev expansion coefficients
defined in Eq. (28) and

Mn = E {〈χ|φn〉} , (32)

are the Chebyshev moments [57].
All the results shown in this paper are within the

canonical ensemble, having the Helmholtz free energy

A (β, V,Ne) = Ω (β, µ, V ) +Neµ . (33)

To obtain a constant number of electrons Ne at each
iteration, we include a step of search for the value of
µ for which the number of electrons, defined in Eq.(16)
and calculated using the moments, is equal to the desired
number of electrons. The free energy is then

A (β, V,Ne) = EKS (β, V, µ (Ne))−TSKS (β, µ (Ne))+EN .
(34)

The main advantage of the sFT-KS-DFT method is
its lower scaling. In the FT-KS-DFT calculation the
density is represented as a sum of the square abso-
lute value Kohn-Sham eigenfunctions (each multiplied
by its electronic occupation). To calculate these on a
grid, one needs to invest O

(
N2
occNg

)
operations and

O (NoccNg) memory capacity for storage. Since Nocc in-
creases quickly with β−1 (see discussion in the introduc-
tion), the FT-KS-DFT method is a very expensive way to
study warm dense matter. In contrast, sFT-KS-DFT re-
quires NC applications of the KS Hamiltonian ĥ, to a set
of I χ’s, a step of order NC × I ×Ng lnNg floating-point
operations (the lnNg is due to the fast Fourier transform
required for the kinetic energy operation).

In Section III we demonstrate how the error per elec-
tron, determined by I, does not increase with system size.
This is compatible with findings shown in previous work
for finite systems described in Ref. [42]. In addition,
the prior work demonstrates that as explained in Sub-
section IIC, NC at a given β is independent of system
size as well. Therefore, since I and NC do not increase
with system size the computational effort scales linearly.
In addition, since the Chebyshev expansion length NC is
proportional to β (see Eq. (30)), the CPU time actually
drops as β decreases (temperature rises) as can be seen
in Fig. 1. Moreover, since the procedure is based on av-
eraging over random values of the density, the process of
attaining the different values of ni (r) can be done most
naturally in parallel.

III. RESULTS: CONVERGENCE AND
STATISTICAL ERRORS

The stochastic method described in the previous Sub-
section has been implemented within our Inbar [59]
plane-waves DFT code and the resulting implementation
is dubbed sInbar. For demonstrating the code, we use sili-
con in a FCC diamond structure with periodic boundary
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Figure 1. CPU wall-time for self-consistent KS-DFT cal-
culations using the stochastic (sDFT, I = 80 stochastic
orbitals) and deterministic (single thread dDFT, Quantum
Espresso [58]) calculations on Si64 having a lattice constant
of 21a0. The dashed line is the expected O

(
T 3

)
extrapolation

for the dDFT timings.

conditions described by the ground state local density
approximation (LDA). We consider Si8, Si64, Si216 and
Si512 having respectively 32, 256, 864 and 2048 valence
electrons, each using a cubic supercell size of length a, 2a,
3a and 4a, and the Fourier grid includes Ng, 23Ng, 33Ng
and 43Ng grid points respectively, where Ng = 303. The
kinetic energy cutoff is 20Ry and Troullier-Martins norm-
conserving pseudopotentials [60] within the Kleinman-
Bylander representation [61] are deployed for describ-
ing the electron-nucleus interactions. In the temperature
regime used here, based on the results of Ref. [30], it is
justified to use ground-state LDA, for which we adopt
here the parameterization of Ref. [62].

We now study the nature of the statistical errors in the
Helmholtz free energy estimation and their behavior as a
function of sampling and system size. In the left panel of
Fig. 2 we show the statistics of the Helmholtz free energy
per electron 〈A〉 /Ne estimates as a function of the num-
ber of electrons Ne in the unit cell using the four systems
presented above at β = 20E−1

h , keeping the number of
stochastic orbitals fixed I = 80 (we chose this value for I
because results based on it are a good balance between
accuracy and computational effort for this system). For
each system we use 6 calculations to estimate the aver-
age and standard deviation σ/Ne presented in the figure.
As shown in the bottom left hand panel, as system size
grows σ/Ne drops in proportion to N−1/2

e in accordance
with the self averaging effect [42].

The effect of sample size is studied in the middle panel
of Fig. 2, using the Si64 system at β = 20E−1

h for demon-
stration. The standard deviation σ/Ne decreases as the
sample size grows, roughly in proportion to I−1/2 (as in
the left panel, we used 6 independent runs to estimate
the mean and the error bars). In addition to the sta-
tistical fluctuations the free energy estimate 〈A〉 /Ne is
seen to be biased towards values larger than the deter-
ministic value (dashed line). For I > 20 the bias error is

found to be smaller than the size of the fluctuation σ/Ne
and as shown in the right panel of Fig. 2 the bias de-
creases linearly with I−1 and thus diminishes faster than
the fluctuation as I increases, as was also discussed in
Section II B. It is seen in the right panel of the figure
that the bias error in the free energy estimate 〈A〉 /Ne is
largely independent of system size.

The free energy as a function of temperature is shown
in Fig. 3 where one can see that the statistical fluctu-
ation is not significantly affected by the temperature.
Deterministic results are also depicted and once again,
the expected values based on statistical estimates are
consistently above the deterministic results, showing a
temperature-independent statistical bias which is smaller
than the fluctuation for I = 80.

IV. EQUATION OF STATE CALCULATIONS

In order to calculate thermodynamic properties of the
system one needs to take derivatives of the free energy
with respect to thermodynamic variables, such as volume
and pressure. In the present paper, as was mentioned
in Footnote [52], we do not consider the free energy re-
sulting from the nuclear kinetic energy or entropy. As a
result, the equations of state we compute are mostly elec-
tronic, and the nuclear positions simply comes in as the
external potential alongside the nuclear-nuclear repulsion
term. Subsequently, we need to define, perhaps arbitrar-
ily, what change needs to be made when we change the
system volume. The most natural assumption is to pre-
serve the FCC diamond structure and impose cubic vol-
ume changes. The type of free energy obtained from this
calculation can be that of a system after exposure to a
short and powerful laser pulse, where due to a separation
of timescales the nuclei have not yet responded to the
external field [7, 12].

To address the practical problem of computing deriva-
tives in the presence of stochastic noise we calculate the
free energy as a function of a chosen parameter in a sta-
tistically correlated way. For example, we calculate the
free Helmholtz energy A (β,Ne, ρ) for a given electron
number Ne and inverse temperature β for several dis-
crete values of the density ρ = Ne/V , where V = a3 is
the cubic simulation cell volume and a is its length. This
is done using the same number of Fourier grid points
and the same set of random phases for each stochastic
orbital on the grid. We demonstrate the results for the
Si216 system in Fig. 4 corresponding to six independent
sets of I = 80 stochastic orbitals with which the sFT-
KS-DFT calculations were performed. For each set of
free energies a 3rd degree polynomial is constructed to
best-fit the data. It is seen in the top panel of the fig-
ure that the free energy data points are well-described by
the polynomial. A higher order fit does not significantly
change the result shown here, indicative of the low level
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Figure 2. Left panels: We show in the top left panel the estimated expected value of the Helmholtz free energy per electron
(dots) and its square-root-variance σ (half length of error bars ±σ which is also shown in the log-plot of the bottom panel) as
a function of the number of electrons Ne in four Si supercell sizes (see text) using I = 80 stochastic orbitals. The dashed green
line is a guide to the eye designating the free energy per electron of the largest system. Middle panels: in the top middle
panel we show the estimated expected value of the Helmholtz free energy per electron (dots) and its square-root-variance σ
(which is also shown in the log plot of the bottom panel) as a function of the number of stochastic orbitals I for Si64. The
dashed green line designates the deterministic value of the free energy per electron for this system. Right panel: The 70%
confidence intervals of the estimated Helmholtz free-energy per electron, for several system sizes, as a function of the inverse
number of stochastic orbitals I−1 the solid lines are best-fit linear curves for the data (their equations are given in the legend).

●

●

●

●

●

●

■

■

■

■

Si64, I=80,

a=10.5a0

10 000 15 000 20 000
-1.02

-1.01

-1

-0.99

T/K

〈A
〉/

N
e
/E

h

Figure 3. The estimated expected value of the Helmholtz
free energy per electron 〈A〉 /Ne (dots) and its square-root-
variance σ (half length of error bars ±σ) for Si64 as a function
of inverse temperature β ,representing a single run of I = 80
stochastic orbitals. The expected value and standard devi-
ation were estimated from six independent such runs. The
square symbols are the corresponding deterministic values of
the free energy.

of noise in each separate calculation. The statistical fluc-
tuations are evident in the slightly different shape and
shift of the polynomials. The derivatives of each of the
free energy polynomials can be used to calculate the cor-
responding pressure P = −

(
∂A
∂V

)
β,Ne

and bulk modulus
B = −V

(
∂P
∂V

)
β,N

, both quantities are plotted, for each
set of stochastic calculations, in the middle and lower
panels of Fig. 4. The plot gives a sense of the behavior
of the statistics of the derivatives which seems well un-
der control, showing that the equations of state of the

electrons are accessible using the stochastic approach.
To get a more detailed description of the equation of

state and its statistical variance the above procedure is
repeated using the same sets of stochastic orbitals, for
several values of T . In the top panel of Fig. 5, we show
the isobar density ρ as a function of temperature for the
Si216 system, for several values of the pressure P . The
density decreases with increasing temperature and pres-
sure. The results of stochastic calculations for Si64 are
shown as well (in darker colors) and a size effect, where
the density is too high in the small system, is notice-
able at high temperatures. We found that this high-
temperature-low density size-dependence is due mainly
to the entropy term in the free energy.

From the results shown in the figure, it is apparent
that the standard deviation in the calculations does not
change as a function of temperature, enabling good reso-
lution with a clearly visible trend. We see that regardless
of the pressure, the density decreases with temperature,
i.e. the system expands.

The bulk modulus shown in the bottom panel of Fig. 5
seems to decrease as we go to higher temperatures, up
until the point where it is roughly estimated to vanish at
T ≈ 26, 000K, at this point the density will be very low.
The implication of these results for fast electron heating
by powerful lasers is that at short time scales after the
pulse, when nuclei are still cold, the material can retain
its elasticity even in temperatures of up to 20,000K. This
concept has been investigated both theoretically and ex-
perimentally in relation to nonthermal melting [63–65],



7

●

●

●
●

●

●

●

●

●

●
●●

●
●

●

●

●

●●
●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●

●

Si216, β=20E
h
-1, I=80

-866

-864

-862

-860

-858

-856

A
/E

h

0

20

40

60

80

P
re

ss
u

re
/G

P
a

1.5 2.0 2.5 3.0 3.5
0

100

200

300

ρ/g/cm3

B
u

lk
M

o
d

u
lu

s
/G

P
a

Figure 4. Top panel: The calculated values of the Helmholtz
free energyA for the Si216 system (withNe = 864 electrons) at
β = 20E−1

h , at several discrete values of the density ρ = Ne/V
(shown as points on plot) calculated for six independent seeds,
i.e. each using six sets of I = 80 stochastic orbitals. The
smooth lines express the free energy A (β,Ne, ρ) as a function
of ρ using cubic polynomials which best fit the points. Middle
and Bottom panels: the pressure and bulk modulus isotherms
derived from the six free energy curves of the top panel.

where the potential energy surface changes as a result
of excitation of a large fraction of the valence electrons
to the conductance band. Previous work showed that
neglecting electron-phonon interactions leads to overes-
timation of the phase transition threshold in silicon [64],
a matter that could explain our results. In this paper,
however, our calculations are restricted to examination
of the breathing mode. To further explore the subject,
molecular dynamics has to be employed.

The heat capacity CV = −T
(
d2A
dT 2

)
is shown in Fig. 5

exhibiting low statistical noise, that is hardly notice-
able in the tested scales. We see that the heat capac-
ity grows almost linearly with temperature and goes to
zero as T → 0, in accordance with the third law of ther-
modynamics applying for perfect crystals. To validate
the calculation, we changed the polynomial degree of the
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Figure 5. Top two panels: Isobars of the density (top
panel) and bulk modulus (middle panel) in the Si216 sys-
tem, as function of temperature under different pressures.
The stochastic calculations were done using I = 80 stochas-
tic orbitals and the data was discerned from the free energy
calculations discussed in the text. The darker squares are
the results of a deterministic calculation for the Si64 system.
Bottom panel: The heat capacity for several values of the
density as a function of temperature. The error bars are the
errors per one seed, and are the size of the markers. The lines
are the polynomial fits for a specific seed.

fit from 3rd to 5th order and saw almost no difference
in the heat capacity’s behavior as a function of the dis-
played temperatures. At higher temperatures, however,
the fit becomes more sensitive to the polynomial order,
an effect amplified when looking at its second derivative.
This is a results of the steep decrease of the free-energy as
temperature increases, as seen in Fig. 3. To avoid the in-
consistency, at higher temperature range the free-energy
has to be samples more frequently.

V. SUMMARY

In this paper we introduced the stochastic approach
for FT-KS-DFT calculations to the warm dense mat-
ter regime. We analyzed the statistical errors associated
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with the stochastic calculations and their dependence on
the number of iterations I, the system size and various
parameters such as the temperature and the density. We
found that the fluctuations in the estimates of the in-
tensive properties decrease as I−1/2 and as system size
grows. The bias errors, resulting from the nonlinear na-
ture of the self consistent-field procedure, do not grow
with system size and decay as I−1. In general, the bias
errors turned out to be small for the systems studied here.
Furthermore, while both errors do not depend on the
temperature, calculation time is inversely proportional to
it, making the method highly efficient in the high temper-
ature regime. It has also been shown that the Helmholtz
free energy A (β, ρ,Ne) can be computed as a smooth and
well-behaved function of its variables provided the same
set of stochastic orbitals are used. By exploiting this fea-
ture, we demonstrated that the equations of state and the
associated properties, such as the pressure, heat capacity
and bulk modulus become accessible as derivatives. Our
calculations did not use the symmetry properties that
allow efficient k-point sampling to be utilized, in antic-
ipation of the realistic cases where high temperature is
associated with disorder and non-symmetry.

Future work in the field will include an implementation
to molecular dynamics sampling of the nuclear proper-
ties. Such an approach has recently been shown viable
at low temperatures using embedded fragments which
lower the statistical errors [48]. An additional future di-
rection will examine the use of potential functional theory
[28, 66] for WDM calculations, where we will study the
possibility of lowering the variance by using a coupling
constant integration instead of a trace over the kinetic
energy operator.

We gratefully acknowledge the support of the NSF-ISF
Israel-USA Binational Science Foundation grant Number
2015687.

∗ eran.rabani@berkeley.edu
† dxn@chem.ucla.edu
‡ roi.baer@huji.ac.il

[1] Jean Clérouin, Patrick Renaudin, Yann Laudernet,
Pierre Noiret, and Michael P Desjarlais, “Electrical con-
ductivity and equation-of-state study of warm dense cop-
per: Measurements and quantum molecular dynamics
calculations,” Phys. Rev. B 71, 064203 (2005).

[2] PM Kowalski, S Mazevet, D Saumon, and M Challa-
combe, “Equation of state and optical properties of warm
dense helium,” Phys. Rev. B 76, 075112 (2007).

[3] Nadine Nettelmann, Bastian Holst, André Kietzmann,
Martin French, Ronald Redmer, and David Blaschke,
“Ab initio equation of state data for hydrogen, helium,
and water and the internal structure of jupiter,” The As-
trophysical Journal 683, 1217 (2008).

[4] E Garcia Saiz, Gianluca Gregori, Dirk O Gericke, Jan
Vorberger, B Barbrel, RJ Clarke, Robert R Freeman,

SH Glenzer, FY Khattak, M Koenig, et al., “Probing
warm dense lithium by inelastic x-ray scattering,” Nat.
Phys. 4, 940–944 (2008).

[5] Gérald Faussurier, Christophe Blancard, Philippe Cossé,
and Patrick Renaudin, “Equation of state, transport co-
efficients, and stopping power of dense plasmas from
the average-atom model self-consistent approach for as-
trophysical and laboratory plasmas,” Phys. Plasmas 17,
052707 (2010).

[6] Miguel A Morales, Carlo Pierleoni, and DM Ceperley,
“Equation of state of metallic hydrogen from coupled
electron-ion monte carlo simulations,” Physical Review
E 81, 021202 (2010).

[7] R. Ernstorfer, M. Harb, C. T. Hebeisen, G. Sciaini,
T. Dartigalongue, and R. J. D. Miller, “The Formation
of Warm Dense Matter: Experimental Evidence for Elec-
tronic Bond Hardening in Gold,” Science (80-. ). 323,
1033–1037 (2009).

[8] Marcus D Knudson, Michael P Desjarlais, Andeas
Becker, Raymond W Lemke, KR Cochrane, Mark E Sav-
age, David E Bliss, TR Mattsson, and Ronald Redmer,
“Direct observation of an abrupt insulator-to-metal tran-
sition in dense liquid deuterium,” Science 348, 1455–1460
(2015).

[9] B. Militzer, D. M. Ceperley, J. D. Kress, J. D. John-
son, L. A. Collins, and S. Mazevet, “Calculation of a
deuterium double shock hugoniot from ab initio simula-
tions,” Phys. Rev. Lett. 87, 275502 (2001).

[10] MWC Dharma-Wardana, “Static and dynamic conduc-
tivity of warm dense matter within a density-functional
approach: Application to aluminum and gold,” Physical
Review E 73, 036401 (2006).

[11] VB Mintsev and VE Fortov, “Transport properties of
warm dense matter behind intense shock waves,” Laser
Part. Beams 33, 41–50 (2015).

[12] Bob Nagler, Ulf Zastrau, Roland R. Fäustlin, Sam M.
Vinko, Thomas Whitcher, A. J. Nelson, Ryszard So-
bierajski, Jacek Krzywinski, Jaromir Chalupsky, Elsa
Abreu, Saša Bajt, Thomas Bornath, Tomas Burian,
Henry Chapman, Jaroslav Cihelka, Tilo Döppner, Stefan
Düsterer, Thomas Dzelzainis, Marta Fajardo, Eckhart
Förster, Carsten Fortmann, Eric Galtier, Siegfried H.
Glenzer, Sebastian Göde, Gianluca Gregori, Vera Ha-
jkova, Phil Heimann, Libor Juha, Marek Jurek, Fida Y.
Khattak, Ali Reza Khorsand, Dorota Klinger, Michaela
Kozlova, Tim Laarmann, Hae Ja Lee, Richard W. Lee,
Karl Heinz Meiwes-Broer, Pascal Mercere, William J.
Murphy, Andreas Przystawik, Ronald Redmer, Heidi
Reinholz, David Riley, Gerd Röpke, Frank Rosmej, Karel
Saksl, Romain Schott, Robert Thiele, Josef Tigges-
bäumker, Sven Toleikis, Thomas Tschentscher, Ingo
Uschmann, Hubert J. Vollmer, and Justin S. Wark,
“Turning solid aluminium transparent by intense soft X-
ray photoionization,” Nat. Phys. 5, 693–696 (2009).

[13] Vojtěch Vlček, Nico de Koker, and Gerd Steinle-
Neumann, “Electrical and thermal conductivity of al liq-
uid at high pressures and temperatures from ab initio
computations,” Phys. Rev. B 85, 184201 (2012).

[14] J Clérouin, P Noiret, P Blottiau, V Recoules, B Siber-
chicot, P Renaudin, C Blancard, G Faussurier, B Holst,
and CE Starrett, “A database for equations of state
and resistivities measurements in the warm dense matter
regime,” Phys. Plasmas 19, 082702 (2012).

[15] Ding Pan, Leonardo Spanu, Brandon Harrison, Dimitri A



9

Sverjensky, and Giulia Galli, “Dielectric properties of wa-
ter under extreme conditions and transport of carbonates
in the deep earth,” Proceedings of the National Academy
of Sciences 110, 6646–6650 (2013).

[16] EM Apfelbaum, “The electron transport coefficients of
boron and silicon plasma,” Contrib. Plasma Phys. 53,
317–325 (2013).

[17] SA Sato, Y Shinohara, T Otobe, and K Yabana, “Di-
electric response of laser-excited silicon at finite electron
temperature,” Phys. Rev. B 90, 174303 (2014).

[18] Sergey V Faleev, Mark van Schilfgaarde, Takao Kotani,
François Léonard, and Michael P Desjarlais, “Finite-
temperature quasiparticle self-consistent gw approxima-
tion,” Phys. Rev. B 74, 033101 (2006).

[19] Alexei A Kananenka, Jordan J Phillips, and Dominika
Zgid, “Efficient temperature-dependent green‘s functions
methods for realistic systems: Compact grids for orthog-
onal polynomial transforms,” J. Chem. Theory Comput.
12, 564–571 (2016).

[20] Daniel Neuhauser, Roi Baer, and Dominika Zgid,
“Stochastic self-consistent second-order green‘s function
method for correlation energies of large electronic sys-
tems,” J. Chem. Theory Comput. 13, 5396–5403 (2017),
rBaer-Publication.

[21] JJ Kas and JJ Rehr, “Finite temperature green‘s function
approach for excited state and thermodynamic properties
of cool to warm dense matter,” Phys. Rev. Lett. 119,
176403 (2017).

[22] K. P. Driver and B. Militzer, “All-electron path integral
Monte Carlo simulations of warm dense matter: Appli-
cation to water and carbon plasmas,” Phys. Rev. Lett.
108, 1–4 (2012), arXiv:1203.4805.

[23] Ethan Brown, Miguel A. Morales, Carlo Pierleoni, and
David Ceperley, “Quantum monte carlo techniques and
applications for warm dense matter,” in Frontiers and
Challenges in Warm Dense Matter , edited by Frank
Graziani, Michael P. Desjarlais, Ronald Redmer, and
Samuel B. Trickey (Springer International Publishing,
Cham, 2014) pp. 123–149.

[24] P. Hohenberg and W. Kohn, “Inhomogeneous electron
gas,” Phys. Rev. 136, B864 (1964).

[25] N D Mermin, “Thermal properties of the inhomogeneous
electron gas,” Phys. Rev. 137, A1441 (1965).

[26] Aurora Pribram-Jones, Stefano Pittalis, EKU Gross,
and Kieron Burke, “Thermal density functional theory
in context,” in Frontiers and Challenges in Warm Dense
Matter (Springer, 2014) pp. 25–60.

[27] Yan Alexander Wang, Niranjan Govind, and Emily A.
Carter, “Orbital-free kinetic-energy functionals for the
nearly free electron gas,” Phys. Rev. B 58, 13465–13471
(1998).

[28] Attila Cangi and Aurora Pribram-Jones, “Efficient for-
malism for warm dense matter simulations,” Phys. Rev.
B 92, 161113 (2015).

[29] Valentin V Karasiev, Travis Sjostrom, and SB Trickey,
“Generalized-gradient-approximation noninteracting
free-energy functionals for orbital-free density functional
calculations,” Phys. Rev. B 86, 115101 (2012).

[30] Valentin V Karasiev, Travis Sjostrom, James Dufty,
and SB Trickey, “Accurate homogeneous electron gas
exchange-correlation free energy for local spin-density
calculations,” Phys. Rev. Lett. 112, 076403 (2014).

[31] Valentin V Karasiev and Samuel B Trickey, “Chap-
ter nine-frank discussion of the status of ground-state

orbital-free dft,” Adv. Quantum Chem. 71, 221–245
(2015).

[32] Travis Sjostrom and Jerome Daligault, “Fast and ac-
curate quantum molecular dynamics of dense plasmas
across temperature regimes,” Physical Review Letters
113, 1–5 (2014), arXiv:1407.7051.

[33] W. Kohn and L. J. Sham, “Self-consistent equations in-
cluding exchange and correlation effects,” Phys. Rev.
140, A1133 (1965).

[34] S. Pittalis, C. R. Proetto, A. Floris, A. Sanna, C. Bersier,
K. Burke, and E. K. U. Gross, “Exact conditions in finite-
temperature density-functional theory,” Phys. Rev. Lett.
107, 163001 (2011).

[35] P. L. Silvestrelli, A. Alavi, M. Parrinello, and D. Frenkel,
“Ab initio molecular dynamics simulation of laser melting
of silicon,” Phys. Rev. Lett. 77, 3149–3152 (1996).

[36] A. Kietzmann, R. Redmer, M. P. Desjarlais, and T. R.
Mattsson, “Complex behavior of fluid lithium under ex-
treme conditions,” Phys. Rev. Lett. 101, 070401 (2008).

[37] KU Plagemann, P Sperling, R Thiele, MP Desjarlais,
C Fortmann, T Döppner, HJ Lee, Siegfried H Glenzer,
and R Redmer, “Dynamic structure factor in warm dense
beryllium,” New J. Phys. 14, 055020 (2012).

[38] A D Baczewski, L Shulenburger, M P Desjarlais, S B
Hansen, and R J Magyar, “X-ray Thomson Scattering
in Warm Dense Matter without the Chihara Decomposi-
tion,” Physical Review Letters 115004, 1–6 (2016).

[39] Mandy Bethkenhagen, Edmund R Meyer, Sebastien
Hamel, Nadine Nettelmann, Martin French, Ludwig
Scheibe, Christopher Ticknor, Lee A Collins, Joel D
Kress, Jonathan J Fortney, et al., “Planetary ices and the
linear mixing approximation,” The Astrophysical Journal
848, 67 (2017).

[40] A Alavi, M Parrinello, and D Frenkel, “Ab initio calcula-
tion of the sound velocity of dense hydrogen: implications
for models of Jupiter.” Science 269, 1252–1254 (1995).

[41] Manuel Schöttler, Martin French, Daniel Cebulla, and
Ronald Redmer, “Free energy model for solid high-
pressure phases of carbon,” J. Phys. Condens. Matter 28
(2016), 10.1088/0953-8984/28/14/145401.

[42] Roi Baer, Daniel Neuhauser, and Eran Rabani, “Self-
averaging stochastic kohn-sham density-functional the-
ory,” Phys. Rev. Lett. 111, 106402 (2013), rBaer-
Publication.

[43] Daniel Neuhauser, Yi Gao, Christopher Arntsen, Cyrus
Karshenas, Eran Rabani, and Roi Baer, “Breaking the
theoretical scaling limit for predicting quasiparticle ener-
gies: The stochastic gw approach,” Phys. Rev. Lett. 113,
076402 (2014), rBaer-Publication.

[44] Daniel Neuhauser, Eran Rabani, and Roi Baer, “Expe-
ditious stochastic calculation of random-phase approxi-
mation energies for thousands of electrons in three di-
mensions,” J. Phys. Chem. Lett. 4, 1172–1176 (2013),
rBaer-Publication.

[45] Daniel Neuhauser, Eran Rabani, and Roi Baer, “Ex-
peditious stochastic approach for mp2 energies in large
electronic systems,” J. Chem. Theory Comput. 9, 24–27
(2013), rBaer-Publication.

[46] Daniel Neuhauser, Roi Baer, and Eran Rabani, “Com-
munication: Embedded fragment stochastic density func-
tional theory,” J. Chem. Phys. 141, 041102 (2014), rBaer-
Publication.

[47] Daniel Neuhauser, Eran Rabani, Yael Cytter, and Roi
Baer, “Stochastic optimally tuned range-separated hy-



10

brid density functional theory,” J. Phys. Chem. A 120,
3071–3078 (2015), rBaer-Publication.

[48] Eitam Arnon, Eran Rabani, Daniel Neuhauser, and
Roi Baer, “Equilibrium configurations of large nanostruc-
tures using the embedded saturated-fragments stochastic
density functional theory,” J. Chem. Phys. 146, 224111
(2017), rBaer-Publication.

[49] Eran Rabani, Roi Baer, and Daniel Neuhauser, “Time-
dependent stochastic bethe-salpeter approach,” Phys.
Rev. B 91, 235302 (2015), rBaer-Publication.

[50] Tyler Y. Takeshita, Wibe A. de Jong, Daniel Neuhauser,
Roi Baer, and Eran Rabani, “Stochastic formulation
of the resolution of identity: Application to second or-
der møller–plesset perturbation theory,” J. Chem. The-
ory Comput. 13, 4605 (2017), pMID: 28914534 RBaer-
Publication, http://dx.doi.org/10.1021/acs.jctc.7b00343.

[51] R. G. Parr and W. Yang, Density Functional Theory of
Atoms and Molecules (Oxford University Press, Oxford,
1989).

[52] Throughout the paper, the free energy shown is equal to
the electronic free energy plus the nuclear Coulomb inter-
action energy, with the nuclei positions assuming those of
the silicon diamond structure appropriate for each unit
cell size. This neglect of the nuclear kinetic energy and
entropy allows us to focus on the stochastic approach con-
cerning the contribution of the electrons to the free en-
ergy. Furthermore it may be relevant for cases where the
electrons are heated very fast (with a strong and short
laser pulse) while the nuclei remains cold.

[53] Michael F Hutchinson, “A stochastic estimator of the
trace of the influence matrix for laplacian smoothing
splines,” Commun Stat Simul Comput. 19, 433–450
(1990).

[54] Gerhard Bohm and Günter Zech, Introduction to statis-
tics and data analysis for physicists, Vol. 1 (DESY, 2010).

[55] William H Press, William T Vetterling, Saul A Teukol-
sky, and Brian P Flannery, Numerical recipes 3rd edition:
The art of scientific computing (Cambridge university
press, 2007).

[56] R. Baer and M. Head-Gordon, “Sparsity of the density
matrix in kohn-sham density functional theory and an

assessment of linear system-size scaling methods,” Phys.
Rev. Lett. 79, 3962–3965 (1997), baer Pub.

[57] L. W. Wang, “Calculating the density-of-states and
optical-absorption spectra of large quantum-systems by
the plane-wave moments method,” Phys. Rev. B 49,
10154–10158 (1994).

[58] Paolo Giannozzi, Stefano Baroni, et al., “Quantum
espresso: a modular and open-source software project
for quantum simulations of materials,” J. Phys.: Con-
dens. Matter 21, 395502 (2009).

[59] Inbar (Hebrew), anbar (Arabic), amber or ēlectrum
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