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Exciton-exciton annihilation (EEA) is a process by which two excitons combine to form a single high energy
excitation. In molecular chromophore aggregates EEA is governed by microscopic two-exciton coherence
that depends on long-range coupling and supramolecular geometry, motivating scalable quantum mechanical
rate calculations beyond deterministic small-system diagonalization. Here, we develop a Fast Fourier Trans-
form (FFT)-accelerated stochastic method for computing finite temperature EEA rates in large 2D excitonic
molecular aggregates. We demonstrated agreement with conventional deterministic matrix diagonalization for
small and intermediate systems, while achieving an improved scaling of O(N?log V) from O(N®) cost. This
approach enables large-scale parameter sweeps and structure—function screening in realistic 2D morphologies.
We close by exploring the role of uncorrelated and correlated disorder, temperature and inter-exciton coupling

in EEA.

I. INTRODUCTION

Exciton-exciton annihilation (EEA) is a ubiquitous
many-body relaxation pathway in which two photoexci-
tations interact such that one exciton is quenched while
the other is promoted to a higher-lying excited state (Fig-
ure 1a).! 3 In excitonic materials, EEA limits device per-
formance by setting the maximum exciton density that a
material can support, acting as a key loss channel in high
light applications such as organic thin-film lasers and or-
ganic light-emitting diodes.* % EEA is also a useful diag-
nostic, where the power-dependent EEA can be used to
infer exciton diffusion and interaction lengths from ultra-
fast spectroscopy.52

In the coarse-grained macroscopic description, EEA
appears as a bimolecular loss term in the exciton-density
rate equation:19

dn n 9
2D a2
dt P

I =n?, (1)
where n is the exciton density, I' is the EEA rate, 7 is
the EEA rate constant, and 7 is the intrinsic exciton
lifetime without the presence of other excitons. Quanti-
tative modeling and materials design therefore hinge on
predicting the annihilation rate under realistic morphol-
ogy, static disorder, and vibronic relaxation.'''? This
need has motivated a broad hierarchy of simulation ap-
proaches.

On a simplified level, EEA can be treated as an in-
coherent, diffusion-limited encounter process in which
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excitons are modeled as classical particles with a diffu-
sion constant D, and annihilation occurs when two ex-
citons come within an annihilation radius Ro.!*7!® On
the contrary, microscopic, electronic-structure—informed
approaches treat EEA as an inelastic quantum transi-
tion in which the two-exciton (S;-S1) manifold couples
to higher-lying single-exciton states (.5, ), with coherence
and interference modulating the annihilation rate.'® This
is particularly important for Frenkel excitons in molec-
ular aggregates, where delocalization and phase struc-
ture can qualitatively reshape EEA,'"'8 so that the bi-
molecular EEA rate is governed by quantum-mechanical
transition matrix elements rather than a random walk
model with an encounter radius. In particular, wave-
function interference can coherently suppress annihila-
tion in H-aggregates in comparison to J-aggregates in 1D
systems, so purely diffusive pictures that assume local-
ized, incoherent excitons can miss the dominant physics
and even predict incorrect trends.®!%2* At the higher
end of the methodology hierarchy, a full quantum dy-
namical treatment based on open-system master equa-
tions on density matrix can, in principle, include bath
interactions and vibronic relaxation; however, its cost
grows rapidly with aggregate size and bath complexity,
making such approaches impractical for micrometer-scale
2D aggregates.’2°~28 Recent stochastic bundling schemes
can reduce this cost significantly, but full density-matrix
propagation remains too expensive for truly large 2D
aggregates.29

Motivated by the need to retain coherent Frenkel-
exciton physics at experimentally relevant length scales
while remaining computationally affordable, one can
adopt a Fermi’s golden rule (FGR) description, in which
vibrational relaxation enters through an effective density-
of-states factor.523:30:31 Tn this framework, the two-
exciton manifold is assumed to thermalize before EEA,
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FIG. 1. (a) Ilustration of exciton—exciton annihilation (EEA)
in molecular aggregates. Two excitons localized on neigh-
boring chromophores interact through dipole—-dipole coupling,
forming a two-exciton state that undergoes EEA. One chro-
mophore relaxes to the ground state while the other is pro-
moted to a higher excited state S,, followed by rapid ther-
mal relaxation back to Si. (b) Diagram of a section of a 2D
planar aggregate. The relative excitonic coupling strengths
between a reference chromophore monomer (white) and its
nearest neighbors are indicated by different colors. The slip
between adjacent molecules controls the sign and magnitude
of the dipole—dipole interaction.

while the annihilation process itself is treated pertur-
batively. However, even at the FGR level, the com-
putational bottleneck remains severe for non-1D aggre-
gates with non-nearest-neighbor couplings. The finite-
temperature rate requires thermal averaging over matrix
elements in the hard-core two-exciton manifold. In stan-
dard state-resolved formulations, this entails construct-
ing and diagonalizing a dense two-exciton Hamiltonian
whose dimension scales as O(N?) and whose diagonal-
ization cost scales O(N®), where N is the number of
monomers, before disorder averaging.?3

This difficulty is exacerbated by long-range dipole—
dipole couplings (J o r~3), which leads to slow con-
vergence with regard to interaction cutoff—particularly
in 2D and quasi-2D (e.g. tubular) aggregates where very
large lattices are needed to tame finite-size effects.32734
Moreover, the physically relevant two-exciton manifold

is restricted by the hard-core constraint (ny # ng, where
n1 and ng denote the monomer indices occupied by the
two excitons) and can be further modified by exciton—
exciton binding interactions. As a result, the dynam-
ics cannot, in general, be reduced to products of sep-
arable one-exciton problems.3> Although methods like
Jordan—Wigner transformations can simplify hard-core
many-body problem into terms of factorized one par-
ticle wavefunctions in special one-dimensional nearest-
neighbor models, this simplification does not extend
to the present two-dimensional system with long-range
couplings.36:37

We addressed this bottleneck by casting the finite-
temperature FGR EEA rate for 2D molecular aggregates
as a thermal trace over the hard-core two-exciton mani-
fold, and then estimating that trace with stochastic vec-
tors.?8 49 We further exploited the translational sym-
metry of lattice structure through Fast Fourier Trans-
form (FFT) based acceleration, which enables us to avoid
explicit matrix multiplication and diagonalization.?34!
This reformulation eliminates the need to construct two-
exciton eigenstates or to explicitly form the dense two-
particle Hamiltonian, while still retaining the wavefunc-
tion phase information. More generally, the same for-
malism is not restricted to EEA-rate calculations and
could potentially be extended to other numerically chal-
lenging many-exciton processes, such as excited-state
absorption, correlated triplet-pairs generated from sin-
glet fission, charge separation dynamics, and higher or-
der electronic spectroscopy.*?#® This makes it feasible
to work in the molecular aggregates regime where (i)
long-range couplings cannot be ignored, and (ii) disor-
der, exciton-exciton interactions, and thermal sampling
are essential.32:33,38

We validated the approach against deterministic diag-
onalization on small lattices, showing rapid and system-
atic convergence with both the splitting operation steps
and the number of stochastic vectors used. Once bench-
marked, the same pipeline becomes a reliable screening
tool with controlled numerical precision. We can effi-
ciently map how I' varies across aggregates with different
slip and quantify how temperature, uncorrelated and cor-
related static disorder, and explicit exciton—exciton inter-
actions reshape annihilation. In this way, the stochastic-
trace formulation provides a scalable, coherence route to
connect microscopic Hamiltonians to experimentally rel-
evant annihilation rate, enabling parameter studies that
are effectively out of reach for traditional state-resolved
two-exciton methods.

Il. METHODS
Model and Hamiltonians

We considered a 2D aggregate with N = NN, chro-
mophore monomers on a periodic N, x N, lattice. In
the site basis {|n)}N_;, the one-particle Frenkel exciton
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FIG. 2. Convergence and parameter screening of the stochastic EEA rate. (a) Convergence of the stochastic estimate of the
EEA rate toward the deterministic reference at slip = 0 A, shown as a function of Esiocnmistep for aggregates of increasing size:

N,=N,=3,N, =N, =9, and N, =

y = 13. The dashed black line indicates the 3% error level. (b) Slip dependence of the

annihilation rate computed with the stochastic method for different propagation steps, nstep (solid lines), with kstoch = 300 and
N, = N, = 11, showing convergence toward the deterministic reference (dashed line). The temperature is fixed at 7' = 300K.

Hamiltonian is:49752

Z T In){ml, (2)

n#m

N
Hy =Y ealn)(n| +
n=1

here, €, is the site energy of monomer n and J,,, is
the electronic coupling between monomers n and m. To
model static energetic disorder, we wrote

3)

where € is the monomer (Sy—S;) transition energy and
de, is a static random disorder. In this work, we chose
the energy reference such that ¢y = 0.

For uncorrelated random disorder, it was sampled in-
dependently from a Gaussian distribution,

Sen ~ N(0,02), Cov(den, 6€m) = 020nm,

€n =€+ 6€n7

(4)

where o is the disorder standard deviation. For corre-
lated random disorder, we assumed an exponentially de-
caying spatial covariance,

COV((SGf;LO”,(SES,CL)H) _ 0_2 exp (_ Tnm) ’ (5)

R.
where 7,,, is the intermolecular separation on the pe-
riodic lattice and R, is the disorder correlation length.
For a perfect 2D lattice, such correlated random disor-
der can be generated efficiently by Fourier-space filtering.
Writing the covariance kernel as Cov®™(r) and its dis-

——— Ccorr
crete 2D Fourier transform as Cov  (k), one realization

is obtained as®®

——— corr

Cov (6)

decorr = 1 [ (k) F[5e]} ,
which ensures that the sampled disorder has the target

covariance in Eq. (5).

We considered transition dipole coupling as the
dominant intermolecular coupling between chromophore
monomers. We employed the extended dipole model
to compute the electronic coupling. Each chromophore
monomer is represented by two opposite charges sepa-
rated by a fixed distance d along the transition dipole di-
rection. The intermolecular coupling is then obtained as
the Coulomb interaction between the two pairs of charges
defining the two extended dipoles,**

1 1 1 1
Jot =P — 4 — ————), (7
= € (T++-+r - T+) )

where 7,4+ + denotes the distance between the indicated
charges on chromophore monomer m and n, ¢ is the mag-
nitude of the effective transition charge, and £ carries the
unit-conversion constant.

For a perfect 2D lattice with periodic boundary con-
ditions and without disorder, Jy,, depends only on the
relative displacement and H; is a block-circulant matrix
with circulant blocks (BCCB), hence diagonalized by a
2D discrete Fourier transform,

H, = F7AF, (8)

with the eigenvalue array given by the 2D Fourier trans-
form of the kernel,

A= FIK], 9)

where K is the real-space kernel of H,, F denotes
the two-dimensional discrete Fourier transform on the
(N, Ny) lattice, and A = diag(\).

We wrote the two-exciton Hamiltonian as

H=Mel+IoH +V, (10)

where fIl RI+IT® f{1 is represented in the hard-core
two-exciton basis space M, and both it and the exciton—
exciton interaction operator V are defined below.



Finite-temperature FGR rate with stochastic vectors

A Fermi’s golden rule expression for the annihilation
rate can be written as:%

h%lb ZP/\Z ’<

where vy, is the vibrational relaxation rate constant of
the final localized higher-lying singly excited S, states
produced after EEA, {|U,)} are eigenstates of Ha, Py x
e PEx are the corresponding thermal populations, and
{|Sa(m))} denote the final single exciton high energy

states accessed through the annihilation operator H,.55

. o

The latter is written as:%
Hy = Vi blbmbn + Hee,, (12)
n#m

where V,, ,,, denotes the resonant coupling between the
S1—.S5, and Sy—S; transitions on chromophores n and
m, respectively, and bf, (b,,) is the exciton creation (an-
nihilation) operator on chromophore m.% In this study,
the couplings entering H, are assumed to have the same
dipolar form as the single-exciton couplings, with V,, ,,, =
0 Jn.m, where 7 is a constant prefactor.

The thermally averaged EEA rate can be expressed as
a ratio of thermal traces over the hard-core two-exciton
manifold:

or Tr (e‘ﬂm IﬁHa>
Tr(e*5ﬁ2> 7
(13)

Let thc) denote the hard-core two-exciton state space
of dimension

I(T) = 8= (kpT)™!

h Yvib

N(N —1)
———

M= (14)

For any operator A on ’Héhc)7 stochastic vector sampling

yields an unbiased trace estimator: 3840
) 1 kstoch )
Tr(4) = + > Okl Alxe), (15)
stoch b1
where |yi) is a random vector.
Define, for each probe,
o) = e/ ). (16)

Then the per-probe denominator and numerator contri-
butions are

0 = (o), 18 = (o HI o) = | Have|)?,
17

and the rate estimate is

Z stoc (k)
2 i tnum
F(T) ~ T Kstoch £~k=

R stoch 4(k)
Toib L ST e

(18)

Projected split-operator propagation and FFT acceleration

The main numerical task is the repeated application
of e~ (B/2H:> without explicitly forming or diagonalizing
Hj(of which scales as O(N®) for the computational cost).
We approached H, using a splitting operation by embed-
ding a hard-core pair state into an N x N matrix ¢ on
the full tensor-product space, applying FFT-accelerated
left and right actions induced by H; ® I and I ® Hy,
and projecting with the constraint operator C after each
substep. Using Eq.(8), the exponentials are implemented
as

—HheNG — prle~thp g, (19)

—tURH) G — § Lo AR (20)

Write Hy = L+R+V with L = H,®1 and R = I® H,.
For a step size A7, we used a splitting operation

e—A‘rﬁg ~ C«e—(AT/Q)V 6_(AT/2)£ e—ATR

. o (21)
e (AT/2L (—(AT/2V &

where C is a projection operator which removes all
diagonal amplitudes and enforces the exchange symme-

try when e=27H2 acts on a two-exciton wavevector with
an N2 dimension. Repeating Ngtep Steps with A7 =

B/ (2nstep) yields e~ (B/2)Hz,

Exciton—exciton interaction

We used a Hubbard-type exciton—exciton diagonal in-
teraction where the interactions are proportional to the

underlying single-exciton coupling:®¢®8
V=" Kdum In,m)(n,ml. (22)
n<m

e‘ATV|n, m) = e AT | m), (23)

Full algorithm

The pseudocode for the T'(T) sampling procedure is
given in Algorithm 1.

Scaling and Error analysis

Each splitting operation step requires a constant num-
ber of FFT-based left/right multiplications. Since the
propagated object is an N x N matrix embedding
the O(N?) hard-core manifold, the dominant cost is
O(N?%1log N) per propagation step, giving total wall-time

cost ~ O (kstoch Nstep N2 IOg N) ’ (24)



Algorithm 1 Pseudocode for I'(T") generation

1: Construct the disorder-free BCCB part H {O) on an
(N2, Ny) lattice using extended dipole couplings Jnn and
periodic boundary conditions.

2: Exploit the BCCB structure of H{”) to obtain A = F[K].

3: Set B = (kgT) ™', choose Nstep, and define

AT = /(2nstep)-

4: for k=1,..., kstoch do

5: Draw a random vector yx € CM.
6: Draw a random site-disorder realization and define
N
Dy = Z 5e%k)|n><n\
n=1
7 Initialize W < .
8: for m=1,..., ngtep do
9: Unpack ¥ into an N x N off-diagonal matrix ®.
10: Apply left half-step with inner disorder splitting;:
b 67(A-r/4)ﬁk Fle=ATA2 87(A7/4)b,€ ®,
11: then project with C.
12: Apply interaction half-step:
D e BTV,
13: then project with C.
14: Apply right full-step with inner disorder splitting:
P (<I> ef(A-r/Q)ﬁk)FflefATAF 67(AT/2)D,CV
15: then project with C.
16: Apply interaction half-step:
D BTV,
17: then project with C.
18: Apply the left half-step again:
b e—(A‘r/4)lf)k F—le—A‘rA/QF e—(AT/4)f>k 3,
19: then project with C.
20: Pack ® back into the pair vector W.
21: end for
22: Set vy + W.

23: Update

Sden — Sden + HUkH27 Snum — Snum + HﬁakaQ-

24: end for

25: Return
2 Snum

F(T) - h’YVib Sden '

in contrast to the O(N®) scaling implied by explicit con-
struction and diagonalization in the M ~ O(N?) two-
exciton Hilbert space.

For the disorder-free case, the numerical error of the
stochastic splitting estimator can be decomposed as

stmch, Nstep (T) = F(T) + 0lst0ch + 5FSplita

STstoch = Ok 2, 6T prie = O (n32 25)
stoch — ( stoch) ) split — (nstep) )
here 0Tgtocn comes from the finite number of random
vectors used in the stochastic trace estimator, giving
the standard Monte Carlo error scaling®®. The term
0l'spiit, comes from the finite-step second order splitting

operation of the propagator e~ (%/ Q)Hz, which is globally
second-order accurate in A7.59

I1l. RESULTS AND DISCUSSION

EEA in 2D cyanine dye aggregate sheets was studied
using the aforementioned formalism, with detailed pa-
rameters and geometrical setup described in the Sup-
porting Information(SI) section 3.5! Figure 1b showed
the geometric setup for the 2D molecular aggregate sys-
tem, with the slip controlling the coupling patterns.

To highlight the accuracy of the stochastic methods,
we compared the EEA rate across different systems sizes
with deterministic approaches based on matrix diagonal-
ization (more in SI section 1) shown in Figure 2a. By
systematically varying Kstoch and ngiep, we found that
kstoch = 300 and ngep = 300 are sufficient to achieve
convergence at slip = 0. Detailed individual analysis on
the convergence on both ngtep and Kgtoch can be found in
SI section 2. Next, we tested the convergence with in-
creasing ngtep and fixed kgiocn = 300 across different slip
values, as shown in Figure 2b. The larger ngcp required
in the range of 6-10 A was likely due to the larger ratio
between horizontal and longitudinal J-couplings, which
increases the splitting-operation error and therefore ne-
cessitates more splitting steps.

Interestingly, the EEA rate reached a turning point
near the boundary between 1/J aggregates. Very briefly,
for 2D chromophore aggregates, the I-aggregate region is
defined as when the bright exciton is redshifted from the
monomer but not the lowest energy state, while the J-
aggregate bright state is pinned to the band-edge (details
in ST section 4).%! This crossover marked the point where
the positive short-range coupling is nearly canceled by
the always-negative long-range contribution close to the
bright state (k¥ = 0) at the bottom of the band. This leds
to a flattened exciton band near it as well as minimal
exciton bandwidth (Detailed discussion on the classifica-
tions of H/I/J on the current system based on the single
exciton band can be found in SI section 4). In the EEA
rate expression [Eq.(8) in the SI| T' is governed by coher-
ent sums of the form ) _  aJy, , Cx(m,n); near the I/J
edge, the competing signs and reduced magnitude of the
couplings enhanced destructive cancellation in these an-
nihilation matrix elements, thereby suppressing the rate.
Moving further into the J-aggregate regime, the relevant
couplings become more uniformly negative, as indicated
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times recorded are single core time.

by the larger bandwidth. Therefore, the coherent sums
add more constructively and the EEA rate increased.

We next benchmarked the computational cost of this
methodology. Figure 3 compares the wall-time scaling
of deterministic direct diagonalization and the stochastic
FFT method as a function of system size N = N,N,.
While deterministic direct diagonalization exhibited a
steep NO-like growth due to the size of the two-exciton
Hilbert space, the stochastic FFT approach followed a
much milder N?log N scaling. The widening separation
with increasing N highlighted the clear computational
advantage of the stochastic method for large systems. In
particular, the stochastic approach enabled calculations
for aggregates containing more than 1500 monomers,
which are beyond the practical reach of deterministic di-
rect diagonalization.

We next performed a multi-parameter screening of
EEA rates. Disorder modifies exciton delocalization, co-
herence, and spectrum, and therefore alters the one- to
two-exciton overlaps that control annihilation. 9263 This
is particularly important in 2D aggregates, where disor-
der have been shown to strongly affect excitonic observ-
ables and transport-related behavior.%* In the present
stochastic framework, however, disorder averaging was
incorporated directly into the estimator: each stochastic
sample simultaneously drew a diagonal-disorder realiza-
tion and a random vector, so the disorder-averaged EEA
rate was obtained without introducing a separate expen-
sive ensemble-averaging loop.3®

Figure 4a reports the EEA rate under uncorrelated
random disorder. Overall, this type of disorder leads
to only relatively modest variations in the annihilation
rate at room temperature, in line with the findings of

Tempelaar et al.b

Figure 4b shows the slip dependence of the EEA rate
as a function of temperature. As the temperature in-
creased, the EEA rate of H-aggregates increases, while
that of J-aggregates is suppressed. This behavior arises
because, in the two-exciton eigenstate basis, increasing
temperature reduced the weight of destructively interfer-
ing ground states in H-aggregates, while also diminishing
the fully constructive contributions of ground states in J-
aggregates.

Exciton-exciton interactions also plays an important
role in determining EEA dynamics in molecular aggre-
gates.?®%% Biexcitonic interactions modify the energies
and spatial profiles of two-exciton states. We therefore
examined how the EEA rate varies with the exciton-
exciton interaction providing insight into how many-body
excitonic interactions reshape annihilation processes in
extended aggregates.

Figure 4c shows the EEA rate as a function of slip
and exciton—exciton interaction strength x, indicating
that the EEA rate increases significantly within the J-
aggregate regime. We attributed this behavior to favor-
able exciton—exciton binding induced by the attractive
coupling in the band-edge states of J-aggregates, forming
gap states with bound biexcitons.?® Within the present
model, the biexciton binding energy in J-aggregates ef-
fectively restricts thermal access to higher energy two-
exciton states and consequently induces higher EEA rate.
On the other hand, the gap states of J-aggregates are
buried in the two-exciton band in H-aggregates, and in
the latter the EEA showed mild suppression with increas-
ing k. More details on the biexciton spectrum with finite
k is provided in the SI section 5.

In addition to the magnitude of energetic disorder
shown in Figure 4a, its spatial correlation is expected to
play an important role in excitonic dynamics in molec-
ular aggregates.'® Experimental and theoretical stud-
ies of excitonic molecular systems have suggested that
environmental fluctuations can be spatially correlated
across multiple chromophores.®3:66:67 In particular, quan-
tum coherences with correlated system fluctuations have
been observed in several multichromophoric systems, in-
cluding semiconductor quantum dots and photosynthetic
complexes, suggesting that relevant correlation length
scales can extend over subnanometer distances compa-
rable to intermolecular separations.®®59 Such correla-
tions may arise from collective phonon modes, defects on
monomers, or correlated solvent fluctuations.%%" Con-
sequently, examining the effect of correlated disorder on
exciton—exciton annihilation (EEA) provides insight into
exciton transport and interaction.

In Figure 4d, we investigated the effect of spatially cor-
related energetic disorder on the EEA rate by mapping
the EEA rate across different correlation lengths for the
disorder. In contrast to the weak dependence observed
for purely uncorrelated random disorder in Figure 4c,
the resulting map shows that the EEA rate depended
strongly on the correlation length even when the over-
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all disorder strength is held fixed. In particular, correla-
tion lengths extending over only a few monomers can sig-
nificantly increase the EEA rate, suggesting that short-
range correlations create locally favorable and unfavor-
able energetic domains. This can draw excitonic am-
plitude into the same or neighboring favorable regions,
effectively pushing excitons closer together in real space
and hence increase EEA rate. This interpretation is con-
sistent with recent work showing that spatially correlated
site-energy disorder can create correlated low- and high-
energy domains that reorganize exciton localization and
trapping in molecular aggregates.”!

y = 15. The temperature is set

IV. CONCLUSION

We developed a theoretical framework that enables
the efficient treatment of large biexcitonic Hilbert spaces
that are otherwise computationally prohibitive with con-
ventional matrix diagonalizations. By replacing ex-
plicit construction and diagonalization of the two-exciton
Hamiltonian with stochastic trace estimation and FFT-
accelerated propagators, the computational scaling is re-
duced from approximately O(N°) to O(N?log N).

This efficient stochastic framework enabled systematic
exploration of the biexcitonic parameter space in large
molecular aggregates. By screening lattice slip, exci-
ton—exciton interaction strength, temperature, and both
random and correlated energetic disorder, we revealed
how these factors reshape the excitonic landscape gov-



erning EEA.

Future work will extend this stochastic framework to
study biexciton physics such as absorption spectra and
density of states using Chebyshev expansion and stochas-
tic sampling as demonstrated in previous study.?® We
will also investigate how optical cavities modify EEA us-
ing stochastic cavity methods.*! Finally, the Hamilto-
nian splitting approach will allow efficient real-time prop-
agation of two-exciton wave packets to compute time-
dependent EEA dynamics, beyond the current Fermi’s
golden rule regime.
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Supplementary Information for:
Stochastic Evaluation of
Exciton—Exciton Annihilation Rate in
2D Molecular Aggregate



1 Deterministic method for computing EEA
rate

Within the deterministic direct diagonalization approach, the exciton—exciton
annihilation rate is evaluated from Fermi’s golden rule,

r— ;—ZZPAZWMHGWM (1)

with all parameters defined in the main text.
Using the two-exciton expansion

‘\IJ/\> = Z Ck(mv n) |m> n>v (2)

m<n

and writing the annihilation Hamiltonian in the mixed one-/two-exciton basis
as

Hy =Y Vin|m)(m,n| +He, (3)

m#n

its action on a two-exciton eigenstate is
Ha|\lj)\> - Z Vm,n C)\(mv n) |m> (4)
m<n
Projecting onto the localized final state [S(m)) = |m) gives
(S(m)|HalW2) = Y Vi Ca(m, n). ()
n>m

Substituting this matrix element into Fermi’s golden rule yields the direct
diagonalization expression for the EEA rate,

27
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n>m

With the working approximation
Vm,n = Oét]m,na (7)

this becomes )

Z admn Cr(m,n)

n>m
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This is the form used in the direct diagonalization calculations [1, 2].



2 Benchmark £ and ng, against determin-
istic direct diagonalization

0 100 200 300 400 500 600 0 100 200 300 400 500 600
Kstoch Ks

100 200 300 400 500 600
Kstocn

Figure S1: Convergence of the stochastic estimate of the EEA rate at slip
= 0 A as a function of kygq, and Nstep fOr aggregates of increasing size: (a)
N, =N, =3, (b) N, =N, =9, and (c) N, = N, = 13. The temperature was
set to be 300K when computing all of these results.

To validate the stochastic method, we compared the EEA rates with deter-
ministic results obtained by direct matrix diagonalization for different system
sizes, as shown in Figure S1 a-c. By systematically varying Kgocn and ngtep, we
found that at slide = 0 A, Estocn = 300 and ngep = 300 are sufficient to achieve
convergence.



3 Model Parameters for 2D Aggregates

The geometrical and electronic parameters of the 2D aggregates are chosen
to be representative of commonly studied 2D cyanine dye(Cy3) aggregates
reported in this literature [3].

Each monomer is modeled as a rectangular unit with an effective length of
16 A and width of 4 A, defining the underlying lattice geometry. The transition
dipole is represented using the extended dipole model with a charge separation
distance of d = 4 A. The magnitude of the transition dipole moment is taken
to be p=2.5D.

4 Slip-Dependent Excitonic Regimes

The dependence of excitonic properties on the intermolecular slip parameter is
illustrated in Figure S2. The slip controls the relative arrangement of transition
dipoles and therefore strongly modulates the electronic coupling, leading to
distinct excitonic regimes.
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Figure S2: Slip dependence of the exciton band structure.

At small slip (s < 3.0A), the aggregate is H-like, where positive short-range
couplings dominate over the always-negative long-range contributions, plac-
ing the bright state above the monomer with a blue-shifted transition. As
slip increases, the system enters an intermediate (I) regime near s = 3.5A,



where short- and long-range couplings compete and partially cancel, yielding
an overall negative coupling but a bright state that remains away from the
band edge. At larger slip (s > 4.6A), both short- and long-range couplings are
negative, producing a band-edge bright state characteristic of J-aggregation
with a red-shifted transition.

5 Microscopic Origin of the Increased EEA
Rate with « in J-Aggregates
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Figure S3: Correlation between pair coupling and localization in the lowest

two-exciton state. The system is adapted as a toy model J aggregate with

N, = N, =5 and slip = 6.5 A for illustrative purposes.

To examine the increase in the EEA rate with increasing s in J-aggregates,
we analyze the relationship between the coupling matrix elements J,,,, and
the lowest-energy two-exciton state (Figure S3). We found that the dominant
amplitudes of the lowest-energy two-exciton wavefunction are concentrated
on basis states for which J,,, is strongly negative, while the corresponding
coefficients C,,(m, n) are also large. As a result, the matrix element

2

Z aJmn Cr(m,n)

n>m

becomes significantly enhanced and hence the EEA rate. This correlation can
be seen directly from the arrows in Figure S3.
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Figure S4: Eigenenergy spectrum for J and H aggregates. The system is
adapted as a toy model J and H aggregate with x = 10, N, = N, = 5, slip
=6.5 A and = 2.5 A respectively for illustrative purposes.

We then examined the two-exciton eigenenergy spectra of the J- and H-aggregates
using deterministic calculations(Figure S3). The spectra clearly reveal local-
ized gap states near the band edges in both systems: at the lower-energy edge
for the J-aggregate and at the higher-energy edge for the H-aggregate. These
states resemble disorder-induced gap states. In the J-aggregate, the presence
of such low-energy gap states effectively suppresses thermal access to higher-
energy two-exciton states, thereby enhancing the EEA rate.[4] By contrast, in
the H-aggregate, although similar states appear near the upper band edge, they
are only accessible at very high temperatures and thus have a much smaller
effect on the annihilation dynamics.
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