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Abstract

We introduce a stochastic framework based on complex absorbing potentials (CAPs) to in-
vestigate exciton transport in large molecular aggregates. Within this approach, CAPs act as
non-Hermitian reservoirs and sinks that enable effective measurement of transport efficiency. We
apply this framework to cyanine dye aggregates and examine how vacancy defects and system
size influence exciton dynamics in two-dimensional sheets and quasi-one-dimensional tubes. We
also introduce a CAPs-based classification scheme that links molecular packing in 2D aggregates
to transport behavior. Our results demonstrate how aggregate topology and structural disorder
govern exciton dynamics and provide guidance for designing materials with enhanced energy trans-

port.

I. INTRODUCTION

Excitonic molecular aggregates are noncovalent assemblies of chromophores in which elec-
tronic excitations (excitons) are delocalized over multiple monomers, giving rise to photo-
physical properties distinct from those of isolated molecules [1]. In these systems, exciton
transport arises from the interplay between coherent, wave-like propagation and incoherent
hopping. This balance is strongly influenced by molecular organization, structural disor-
der, and packing [2-5]. Understanding how these factors govern exciton transport under
realistic conditions is essential for improving optoelectronic materials, including organic
light-emitting diodes, photovoltaic devices, and artificial photosynthetic systems. [6-8].

The relative arrangement of transition dipoles determines the sign and magnitude of
intermolecular couplings, giving rise to the well-known distinction between J-aggregates
(head-to-tail alignment) and H-aggregates (cofacial alignment) [9]. These aggregates are
typically identified by red- and blue-shifted optical spectra relative to the monomer [10,
11]. More recent studies of two-dimensional (2D) and tubular cyanine dye aggregates have
revealed excitonic behaviors that extend beyond this traditional classification, including I-
aggregates, whose bright state is red-shifted while the band-edge structure resembles that
of H-aggregates [12].

These findings highlight the importance of aggregate topology and dimensionality in
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determining excitonic band structure and transport properties. Although both theoretical
and experimental studies suggest that exciton transport is generally more efficient in J-
aggregates than in H-aggregates [13, 14], spectral classification alone does not fully capture
differences in transport behavior. This limitation motivates the development of transport-
based classification schemes.

Energetic and structural disorder can localize excitons, a phenomenon known as Anderson
localization which limits coherent transport [15, 16]. Energetic disorder arises from random
variations in monomer excitation energies within an aggregate. This disorder can be spatially
and temporally correlated or uncorrelated. Correlated disorder typically disrupts exciton
transport less severely than uncorrelated disorder [17, 18]. These types of disorder have
been widely investigated in molecular aggregates and related materials. [19-21].

Structural disorder can arise in several forms, including spatial variations in the relative
positions and orientations of lattice sites, as well as the loss of coupling at a small number of
sites due to defects [22, 23]. We refer to the latter as vacancy disorder. Vacancy effects have
been investigated both theoretically and experimentally in systems such as light-harvesting
nanotubes through the analysis of spectral changes induced by transient photodamage. [24].
However, a comprehensive understanding of how vacancy disorder affects transport efficiency
across different aggregate geometries remains unexplored.

To systematically quantify how vacancy defects and system size influence exciton trans-
port, and to distinguish transport behavior between H- and J-aggregates, theoretical frame-
works that explicitly model transport efficiency are required. In the absence of environmental
coupling, exciton dynamics reduces to a unitary evolution governed by the Hamiltonian of
the system [25]. For weak system—bath coupling, the dynamics are described using Red-
field theory [26] or Lindblad master equations [17, 27]. However, these approaches typically
exhibit high computational scaling due to the matrix operations required for time propaga-
tion, although efficient approaches have been recently developed to address these limitations
28, 29].

In this work, we use complex absorbing potentials (CAPs) combined with stochastic
methods to model exciton transport in molecular aggregates, enabling efficient simulations
of exciton dynamics in large systems. CAPs are widely used to study metastable states
with finite lifetimes, such as anions [30, 31], to facilitate wavepacket dynamics simulations

[32, 33], and to model electron transport in mesoscopic conduction systems [34-36]. In
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electronic transport, CAPs can act as effective leads, allowing electrons to flow between
channels and enabling the determination of transport properties in semiconductor systems
[37]. More recently, CAPs have been applied to quantify exciton transport efficiency and
loss rates in open quantum systems, including molecular aggregates and lossy cavity exciton

transport models [38].

In molecular aggregates, CAPs act as exciton reservoirs and sinks that collect excitons,
enabling direct tracking of exciton generation, propagation, and loss. To efficiently simulate
large aggregates, we employ stochastic techniques. In particular, Chebyshev expansion to
approximate the action of the Green’s function [39] and stochastic trace methods are used to
extract observables from the CAP formalism. These approaches circumvent full Hamiltonian
operations and have been successfully applied to compute absorption spectra and density of

states (DOS) in molecular aggregate systems [40, 41].

The paper is organized as follows. First, we introduce the CAP model within the Frenkel
exciton framework for two-dimensional sheets and pseudo-one-dimensional tubular systems,
including both one-dimensional and angle-dependent two-dimensional CAPs developed in
this work. Next, we describe the stochastic methods used to compute transport metrics.
In the Results section, we demonstrate that CAP-based transmission reproduces exciton
delocalization trends under disorder. We then examine the effects of system size and vacancy
defects in 2D sheets and tubular aggregates of TDBC and C8S3. Finally, we investigate the
H-J regimes of TDBC and Cy7-DPA aggregates using angle-dependent CAPs and propose
a new aggregate classification scheme. We conclude by highlighting directions for future

research.

II. THEORETICAL METHODS
A. Frenkel Exciton Model, Vacancy and Disorder Effects

To model molecular aggregates with sheet and tubular structures, we employed the

Frenkel exciton Hamiltonian

Hy =" ealn)(n] + 37 Jn, m)ln) (m]. (1)
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Here J represents the coupling between monomers n and m, and ¢, denotes the on site-

energy plus the energetic disorder at monomer n. The coupling J is calculated using the

extended dipole model,

J<n,m>=i“—z( R S ) (2)

Tm+n+ Tm+n— T'm—n+ Tm—n—

i is the effective dipole strength, d is the charge separation distance, D is the dielectric
constant, and 7, is the distance between monomers n and m. The 4+ subscripts denote
the positions of the extended charges within each brick segment. Figure 1 illustrates these

parameters for two brick monomers.
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FIG. 1. Schematic representation of two brick-layer monomers showing the geometric parameters
and extended charge distributions used to compute intermolecular coupling.

To introduce vacancies, we modify the Hamiltonian by removing contributions from

monomers at vacant sites,

H = PH,yP. (3)

Here P is a diagonal matrix of size N, x N,, where N, is the total number of monomer sites.
Each diagonal element P;; equals 1 if site i is occupied and 0 if it contains a vacancy; all
off-diagonal elements are zero. The projected Hamiltonian H therefore removes all couplings

to and from vacant sites. In the absence of vacancies, P reduces to the identity matrix and

Eq.(3) recovers Eq. (1).



B. Complex Absorbing Potentials

Complex absorbing potentials (CAPs) are imaginary potentials added at the boundaries
of a quantum system to simulate open boundary conditions. In transport calculations, CAPs
mimic external leads by absorbing outgoing probability current and preventing artificial re-
flections at system boundaries [37, 42, 43]. This enables current injection at one boundary
and absorption at the other. This approach is closely related to exciton transport mod-
els based on the Lindblad formalism, where one set of operators describes pumping into
the excitonic manifold and another represents irreversible transfer to a sink. For example,
Morales-Curiel and Leén-Montiel [44] studied transport efficiency in a two-dimensional J-
aggregate by introducing a Lindblad sink operator and defining efficiency as the asymptotic

population transferred to the sink.

C. 1D CAPs for Tubes and Sheets

For two-dimensional sheet aggregates, the number of transport channels depends on the
system dimensions along the x and y directions. The z is along the brick width and the
y direction is along the brick length. The transport along z involves n, channels (the
number of monomers along y), while the transport along y involves n, channels. Pseudo-
one-dimensional tubes can be viewed as sheets rolled along the = direction. In this geometry,
CAPs extend along the tube height (z direction) and around the circumference (rotational
direction). The number of channels is n,, along the rotational direction and n, along z.

The CAP potentials are chosen as half-parabolas:
Vi =Vig+Vir (4)
Vin =3 [m)Vir(wn) (0] (5)

Vie = " In) Ve (w,) (n (6)

(wmin + dw - wn)2
01 d2 y  Wmin S W, S Wmin + dwa
‘/}L(wn> = w (7)

0, otherwise
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FIG. 2. Schematic representation of the complex absorbing potentials (CAPs) implemented in the
model systems. (a) Two-dimensional aggregate sheet with n, = 6 and n, = 6. CAPs are applied
along the brick width (z direction) and the probability current flows along the brick length(y-
direction). The monomer unit length along the y-direction @ = 2. (b) Pseudo-one-dimensional
tubular aggregate with n.,t = 8 and n, = 6. Black dots denote monomer centers. CAPs are applied
along the rotational axis and the probability current travels along the tube height (z direction).
The monomer unit along the z-direction for CAPs 2 = 1.

(wn - (wmax - dw))2
‘/OI d2 ;  Wmax — dw S Wp, S Wmax
V}R(wn) = w (8)

0, otherwise

Vi represents the combined left and right potentials and V; denotes the maximum height
of these potentials. The chosen coordinates, w,, are based on the direction of the lattice

vectors.

For 2D sheet at monomer n:

Tn (TLQ — 1)W
r, = = 9)
Yn (ny — 1)L+ (ng — 1)S

ny is the unit coordinate along the length (L) of the brick and ng is the unit coordinate
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along the width (W) and slip (S) is the offset between adjacent monomers in neighboring
rows.

While for 1D tubes:

T R cos(naps + n17y)
rp, = |y| = | Rsin(naga + n17) (10)
z niH
27
Gg = (nz - 1) (11)
Nyot

R is the radius of each circular layer, v is the twist angle between adjacent layers, and H is the
vertical spacing between layers. The indices n; and ny denote the lattice coordinates along
the tube circumference and height, respectively. Additional details on these parameters are
given in Ref. [45].

For sheet geometries the CAPs are applied along the brick width (z direction) and trans-
port along the y direction, such that w, = y,. This choice ensures that both the number
of transport channels and the spacing between absorbing potentials remain constant even
in the presence of slip. For tubular aggregates, the CAPs are applied along the tube rota-
tional axis and transport along the tube height( z direction) such that,w, = z,. Channels
in the rotational direction typically have low dimensionality (2-10), which makes CAP im-
plementation along that direction impractical. A schematic of what this looks like for these
geometries is shown in Fig 2.

The coordinates wp,;, and Wy, denote the minimum and maximum positions along the
chosen transport direction. The parameter d,, defines the length of the left and right ab-
sorbing regions. In the y direction, Yminn, and Ymaxn, correspond to the minimum and
maximum coordinates of the ni channel along z. This definition ensures that d, remains

constant across all channels:

Yminn, = S - (n2 - ]-)7 (12>
ymax,ng =L- (ny - 1) + Shp . (n2 - 1)7 (13)
dy=L-(Q-1) (14
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Zmin — 0, (15)
Zmax = H - (n, — 1), (16)

d, =M (Q-1). (17)

Q) is the unit length of the monomer of the left and right potentials. A visual representation
of CAPs on molecular aggregate systems for sheets and tubes is shown in Fig. 2(a).

The energy-dependent transmission probability [34, 46] is

1
1%
E—H+iV; "E_—H iV

T(E)=4Tr { VL} =4Tr [G(E) VR G'(E) V], (18)

where G(FE) is the Green’s function. To characterize transport, we define the thermally

averaged transmission

T = %ZT(@-) e P — % / Zé(ei — E)e PET(E)dE = % / p(E)e PP T(E)dE, (19)

with partition function

Z = Z e~Pei = / p(E)e PP dE, (20)

where 3 is the inverse temperature and p(FE) is the density of states. The quantity T

measures the overall transmission of the aggregate.

D. Angle-Dependent 2D CAP Potential

To model two-dimensional exciton transport, we construct angle-dependent CAPs from

the lattice coordinates of each molecular brick. The procedure is:

1. Store the lattice coordinates and center them in the z—y plane

A(xn,yn) = B=A— Apia.
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2. Convert the centered coordinates to cylindrical coordinates

)

Yn
xn
3. Select lattice points lying on a circle of radius R, within a specified tolerance.

2 + 2, 6, = arctan <

R =

B — C(R,0),

Brick Lattice with Angle Dependent 2D CAPs(V, , V)

150

200

4. Construct the CAPs on the upper and lower arcs of the resulting circle of radius R,.

300

Y(A)

FIG. 3. Schematic of the 2D circular absorbing potentials applied to a 2D sheet geometry. The

circular boundary defines the absorbing region of radius R,.

The angle-dependent CAP potentials are defined as

(21)

n < T,

0<8é
otherwise

)

Vor sin®(6,, — ),
0

Vie(On, 00) = {

‘/}R(e’rh 00) - {
Here 6, is a shift angle that controls coherent transport in the system. A schematic of

(22)

otherwise

Y

‘/OI Sin2(9n - 90)7 ™ S gn < 27T7

0

the CAPs is shown in Fig. 3. With 6y, we can tune which Bloch states contribute to the

transmission.
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E. Reducing Computational Cost

Experimentally relevant aggregates can extend hundreds of nanometers, and their prop-
erties converge only for sufficiently large systems. Conventional transmission calculations
scale as O(N?) due to matrix inversion and multiplication. To reduce this cost, we employ
stochastic sampling with Chebyshev polynomial expansion to evaluate the Green’s func-
tion [34, 36, 39]. The Hamiltonian is applied efficiently using 2D convolution, as previously
demonstrated for molecular aggregates [40, 41]. This approach reduces the computational
scaling from O(N?3) to O(N log N).

The transmission probability can be written as

T(E)=4Te[AY(E)A(E)], (23)
A(E) = ViPG(E)V). (24)

Using stochastic trace evaluation and Chebyshev expansion, T'(E) becomes

Ntoc
4 s
T(E) ~ JATA v 2
(B) = Dl (25)
1 Nenp . o s
A(E) =V (Z an(E)Qn(H’,Vz)) V2 (26)
n=0

The stochastic vectors x; have elements randomly chosen as +1. The matrices Vé/ % and VLl /2

are the square roots of the diagonal elements of Vi and V. The coefficients a,,(E) are the

Chebyshev expansion coefficients, and Qn(ﬁ , ‘7[) are the associated Chebyshev polynomials.
The operator

Nenb
> an(BE)Qu(H', V7)
n=0

represents the action of the Green’s function on an arbitrary vector. The coefficients are

an — Mefin(ﬁ,
AH sin ¢

E—h
¢ = arccos (A—> .

11
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Here h and AH scale the Hamiltonian so that the eigenvalues of H' lie in [—1, 1],

€max + €min

h = 2
5 , (28)
AH:M, (29)
2
H-—h
H=—
i (30)

The quantities €. and €y, denote the any upper and lower bounds ,repetitively, of H.

The Chebyshev recursion is given by

Xo = Qo(H, Vi)x™" = x*, (31)
A T Y exr —~ 17/ .. ex ‘71
X1 = Qu(H, Vi)x*™ = e "H'x*™ V= RE (32)
and for n > 1,
Xy =¢e" <2ﬁ/XZ71 - 677)(?172) . (33)

IIT. RESULTS/DISCUSSION
A. Simulation Specifications for CAPs

The parameters for the angle-dependent CAPs and the one-dimensional (1D) CAPs are
listed in Tables I and II.

Vor (em™)[ Q (Monomer Units) [Ngoe| Nens | Temperature (K)

2130 = (tubes), 7 (sheets)| 60 |2000 300

TABLE I. Parameters used for the 1D CAP simulations in tube and sheet geometries.

Vor (em~ ) [Radius of CAP (monomer units)| Ngioe | Nens | Temperature (K)
2130 20 1200 {2000 300

TABLE II. Parameters used for the 2D angle-dependent CAP simulations in sheet aggregates.
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B. Predicting Delocalization Behavior with CAPs

Before using CAPs to measure exciton transport, we first tested whether they reproduce
the delocalization behavior of known disorder effects. To do so, we compare the average
transmission and the participation ratio (PR) in the presence of energetic disorder. PR
quantifies exciton delocalization and is closely related to transport efficiency [25, 47].

Fig. 4 compares the PR with the average transmission computed using the 1D CAP
potential as the energetic disorder strength (o) increases. The transmission reproduces both
the trend and overall shape of the PR. Thus, the average transmission predicts exciton
delocalization and can serve as an alternative to PR/IPR(Inverse Participation ratio), with

the additional advantage of providing directional information about transport.

10 Average Transmission compared to Partciatipation Ratio under Disorder Effects
. T T T T T T T

0.8r

0.6F

0.4]-

0.2r

I I I | I I I
0 400 800 1200 1600
o(cm™)

FIG. 4. Average participation ratio (PRayg) and average transmission (Thye = 1) as functions of
disorder strength (o). Both quantities are normalized to their respective values at zero disorder,
PRy = PRayy(oc = 0) and Ty = Tgug(0 = 0). Results are shown for a 2D sheet system of size
20 x 100.

C. CAPs: Vacancy and Size Effects

We examine the effect of vacancy and system size on transmission. Fig 5 shows plots
of the average transmission as a function of size and vacancy for both sheets and tubes,
respectively. In both plots, the longer the path traversed by excitons in the presence of

vacancies, the more the transmission decreases. This indicates that transmission is hindered
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more by the absolute number of sites removed than by the ratio of vacant sites to the
number of monomers in the aggregate. The figure also shows that sheets are more resistant
to vacancy effects than tubes. These results mirror the findings on diagonal disorder and
dimensionality reported in [48], where 2D structures were shown from IPR calculations to

be resistant to diagonal disorder than pseudo-1D tubes.

Average Transmission under Vancancy and Size Effects Average Transmission under Vancancy and Size Effects
1.0 for 2[? shegts T T T T T T T 1.0 for tubes
—ny:20 ——n,=400
—n=32 || \ —n,=960 |]
0.8¢ neea | 0.8} n,=1800 |{
y

——n,=3200 ||

——n =80

2
Vacancy(%) Vacancy(%)

FIG. 5. (a) Plot of Average Transmission for 2D sheet aggregate with varying n, and vacancy
percentage. n, is growing alongside n,, keeping the ratio of n, : n, at 5:1, meaning n, = 5n, (b)
Plot of Average Transmission for tubular aggregate with varying n, and vacancy percentage. n,
is constant at 5.

D. Transmission Calculations Using 2D CAPs

Next, we computed the angle-averaged transmission using the angle-dependent CAPs
defined in Egs. (21) and (22). The shift angle 6y and the slip parameter are varied across
the H-, J-, and I-aggregate regimes for Cy7-DPA and TDBC. Screening this angle in different
regimes allows us to see which bloch waves contribute the most to the transport. For each

slip value, the transmission is averaged over all sampled angles according to Eq. (34).

ol / ' T(0o) db. (34)

T
This measure quantifies how the shift angle influences transport for a given slip, identifying
regimes in which angular tuning either enhances, suppresses, or leaves the transmission
largely unchanged. Fig. 6(a) shows T for both aggregates as a function of slip. Two
transmission regimes emerge: one with suppressed transmission and another with enhanced

transmission. We denote these regimes as 1.S5.-aggregates (insulating-type aggregates) and
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S-aggregates (semiconducting-type aggregates), respectively. The classification is aggregate-

specific, and the corresponding slip ranges are listed in Table III.

(@) Average Transmission over all Angles

H-Aggreate
I-Aggreate
J-Aggreate

6 TDBC Average Transmission vs Angle Shift Cy7-DPA Average Transmission vs Angle Shift
125 it
Wa TS : ~
) S tish A \ [\
- 3 PN A T
£ Fos A 2

N \
2 /ﬁx\ o5l ANA =

N ~ =

00 0.4 0.8 0 04 08
6,/m e /m

0

FIG. 6. Transmission calculated using angle-dependent CAPs with Aggregate Classification of H,J,
I aggregate. (a) Angle-averaged transmission, T. (b) Average transmission as a function of shift
angle, T'(6), for TDBC. (c) Average transmission as a function of shift angle, T'(6), for Cy7-DPA.
Panels (b) and (c) show the angular dependence across different aggregate regimes (H-, I-, and
J-aggregates), classified according to the slip parameter.

Aggregate|S-Aggregate Slip Regime (A)[1.S.-Aggregate Slip Regime (A)
Cy7-DPA 2.0-10 0.0-2.0
TDBC 3.6-4.4 0-3.6, 4.4-10

TABLE TII. Slip parameter ranges defining the S- and 1.S.-aggregate regimes for Cy7-DPA and
TDBC.

The following classification between H, J, and I for TDBC and Cy7-DPA is based on the
slip value for each aggregate, as referenced in [12]. For TDBC, the I-aggregate regime is
entirely within the S-aggregate classification. For Cy7-DPA, all of the I- and J-aggregate
regimes belong to the S-aggregate classification.

Fig. 6b and c show the averaged transmission dependent on the angle, T(6), for both
TDBC and Cy7-DPA. The figure shows maximum transmission in the H-aggregate regime
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at 6y = 5. Moving away from this angle dramatically reduces the transmission, unlike in
other aggregate types. In contrast, the [-aggregate regime exhibits the smallest variation in
transmission across shift angles.

To rationalize the trends observed above, we analyze the contributions of individual k-
states within the S- and 1.S.-aggregate regimes as a function of #y. The contribution from

each k-state to the transmission is quantified by

T(ky, ky, 00) = % / p(E)e PET(k,, k,, E,0,) dE, (35)
T(ko, ky, E,00) = 4 (ky, ky| A(E, 00) AY(E, 00) ks, k), (36)

with the Bloch wave states |k,, k,) defined as

o 1 o kg o kyj
T k:mk = T = 2 — 2 S s 37
(Jas Jy | ) \/Nexp(z T s )exp(z T 0, ) (37)
where k, =0,1,2,...,(n, —1) and k, =0,1,2,...,(n, — 1).
Fig. 7 and 8 show the contributions of individual k-states calculated using Eq. (35).

As illustrated in these figures, the control parameter 6y selects the subset of k-states that

dominate the transmission. For the S-aggregate regime in both TDBC and Cy7-DPA,

the transmission is maximized by states near (k,,k,) = <”I2’1, "y2_1> when 6y = 7/2. In
contrast, the dominant k-states in the [.S.-aggregate regime differ between the two systems.
For TDBC, the largest contributions arise from states near (k,, k,) = (0, n,—1) and (n,—1,0)

when 6y = 0 and 7. For Cy7-DPA, the maximum transmission in the 1.S.-aggregate regime

also occurs near (k;,k,) = (””T_l, ny271) at 6y = m/2, but with a substantially smaller

number of contributing states compared to the S-aggregate regime. In general, transmission
is maximized when contributing k-states are located near the center of the Brillouin zone

and is further enhanced when 6y = /2.
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(b)
k -state contribution to the Transmission k -state contribution to the Transmission
in S-regime 10 in S-regime
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FIG. 7. k-state contribution of transmission for contour plots of TDBC under varying 6y in S and
LS regimes. Top: S-aggregate regime (slip = 4 A). (a) k, (b) k, Bottom: I.S-aggregate regime (slip
=9 A). (c) ks (d) ky In each case: For k, contribution, k, = 0, (b) For k, contribution, &, = 0.
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FIG. 8. k-state contribution of transmission for contour plots of Cy7-DPA under varying 6y in S
and L.S regimes. Top: S-aggregate regime (slip = 4 A). (a) k, (b) k, Bottom: I.S-aggregate regime

(slip = 1 A). (c) k; (d) k, In each case: For k, contribution, k, = 0, (b) For k, contribution,
ky = 0.
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IV. CONCLUSION

This work demonstrates the capability of complex absorbing potentials (CAPs) to probe
exciton dynamics in molecular aggregate sheets and tubes, and to compare the spectral
characteristics associated with different types of disorder. Stochastic methods enable the
screening of larger systems, bringing the results closer to experimentally relevant length
scales. Using these techniques, the effects of vacancies and energetic disorder on exciton
transport in two-dimensional aggregate sheets are successfully modeled. The results indi-
cate that reduced transmission correlates with diminished transport, allowing us to predict
how vacancies and disorder impede exciton motion. We also identify two distinct aggregate
regimes based on transmission behavior and, consequently, coherent transport properties.
The angle-dependent CAP framework provides a systematic approach for linking molecu-
lar packing, aggregate classification, and transport efficiency in two-dimensional molecular
aggregates.

In future work, these methods will be extended to additional systems and combined
with complementary approaches, including cavity-coupled systems and biexcitonic systems.
Using CAPs in time-evolution studies for molecular aggregates has the advantage of sup-
pressing backscattering at boundaries, enabling more accurate predictions of time-dependent

quantities such as the diffusion constant, localization length, and average travel time.
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